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Graphs

Definition

A graph G is

a pair of sets (G0,G1) (called vertices and darts) and

a pair of maps s, t : G1 ! G0 (called source and target maps).
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Graph homomorphisms

Definition

A homorphism f : G ! H of graphs is a pair of maps f0 : G0 ! H0 and

f1 : G1 ! H1 such that for all d 2 G1,

f0(s(d)) = s(f1(d)) and f0(t(d)) = t(f1(d)).
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Graph homomorphisms
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Graph cohomomorphisms

If (f0, f1) : G ! H is a graph homorphism, the f1 map „transports

darts in the same direction as f0, consistently with f0”.

In a cohomomorphism (�0,�1) : G ! H, the �1 map „transports

darts in the opposite direction as �0, consistently with �0”.
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Graph cohomomorphisms

Definition

Let G ,H be graphs, let �0 : G0 ! H0.

Write

P� = {(v , d) 2 G0 ⇥ H1 | �0(v) = s(d)}

Let �1 : P� ! G1 be a mapping such that

I s(�1(v , d)) = v

I �0(t(�1(v , d))) = t(d)

Then we say that (�0,�1) : G ! H is a cohomomorphism of graphs.
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Graph cohomomorphisms

G0

�0
✏✏

G1
t

oo

s

  

H0 P�

�1

OO

v
//

d

✏✏

G0

�0
✏✏

H1

t

``

s
// H0

Gejza Jenča Cohomorphisms of graphs November 25, 2022 7 / 20

O

6 ÉH tCentral

i

Me Ie
H pfatate.im



Graph cohomomorphisms

The notion of a graph cohomomorphism is a decategorification of

the notion of a cofunctor.

Cofunctors appeared in 1990’s, they seem to be rediscovered

independently by several people.

There are some nice papers/preprints/talk by B. Clarke, that exhibit

cofunctors as (backward part of) generalized lenses – a notion

originally from computer science.

Clarke uses (very appropriately) double categories to deal with

functors and cofunctors simultaneously.
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Graph cohomomorphisms

Homomorphisms of graphs form a category, called Graph.

Cohomomorphisms of graphs form a category, called Lift.
Graph is a complete and cocomplete category (even a topos).

What about products in Lift?
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Box product

Definition

Let G ,H be graphs. The box product G⇤H is the graph with

(G⇤H)0 = G0 ⇥ H0

(G⇤H)1 = (G0 ⇥ H1) t (G1 ⇥ H0)

s(a, d) = (a, s(d)) (a, d) = (a, t(d))

s(d , b) = (s(d), b) t(d , b) = (t(d), b)
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Theorem

The box product is the product in the category Lift.

G G⇤H
�⇡G

oo

�⇡H
// H
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Monoids

Hence ⇤ gives us a (cartesian) monoidal structure on Lift.
Monoids with respect to ⇤ in Lift are strange. I do not know what

they are.

However, the usual direct product ⇥ of graphs (that means, product

in Graph) gives us a (non-cartesian) monoidal structure on Lift.

Gejza Jenča Cohomorphisms of graphs November 25, 2022 13 / 20



Direct product of graphs
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What are monoids with respect to ⇥?

It is clear that the 0-reduct of a monoid in Lift is a usual monoid in

Set.
So a monoid A in Lift is a Set-monoid equipped with a graph

structure (darts between the elements of A) such that some

conditions are satisfied.
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Example

Let (A,+, ., 0, 1) be a semiring.

Then (A,+, 0) is a monoid.

For a, b 2 A, darts from a to b are in one-to-one correspondence

with divisors:

a
k
// b

iff a.k = b.

This is a monoid in (Lift,⇥, 1):
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Comonoids

What are comonoids in (Lift,⇥, 1)?
Similarly as for monoids, the 0-reduct of a comonoid in Lift must be

comonoid in Set.
But comonoids in Set are very simple things: every set S is a

comonoid in exactly on way:

S
�S
// S ⇥ S S

!
// 1

where �S(x) = (x , x).
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Comonoids
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Comonoids

Theorem

Comonoids in (Lift,⇥, 1) are monounary algebras.
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Bimonoids

A bimonoid is a monoid and, at the same time a comonoid such that

certain conditions are satisfied.

Theorem

Bimonoids in (Lift,⇥, 1) are monoids equipped with a monoid

endomorphism.

Theorem

Hopf monoids in Lift are groups equipped with an endomorphism.
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