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Abstract

Let G be a graph. Denote by L'(G) its i-iterated line graph and denote
by W(G) its Wiener index. In [14] we show that there is an infinite class
T of trees T satisfying W (L3(T)) = W(T), which disproves a conjecture of
Dobrynin and Entringer. In this paper we prove that except of the trees of
T, there is no non-trivial tree T satisfying W (L3(T')) = W (T'). Consequently,
for a tree T and i > 3, the equation W (LY(T)) = W(T) holds if and only if
TeT andi=3.
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1 Introduction

Let G be a graph. We denote its vertex set and edge set by V(G) and E(G),
respectively. For any two vertices u, v let d(u,v) be the distance from u to v. The
Wiener index of G, W(G), is defined as

W(G)=> d(u,v),
uFv

where the sum is taken over unordered pairs of vertices of G. The Wiener index was
introduced by Wiener in [22]. Since it is related to several properties of chemical
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molecules (see [13]), it is widely studied by chemists. The interest of mathemati-
cians was attracted in 1970’s, when it was reintroduced as the transmission and the
distance of a graph; see [21] and [9], respectively. Recently, several special issues of
journals were devoted to (mathematical properties) of the Wiener index (see [11]
and [12]). For surveys and some up-to-date papers related to the Wiener index of
trees and line graphs see [5, 6], [8, 19, 20, 24] and [2, 3, 7, 10, 23], respectively.

By the definition, if G has a unique vertex, then W(G) = 0. In this case, we say
that the graph G is trivial. We set W (G) = 0 also when the set of vertices of G is
empty.

The line graph of G, L(G), has vertex set identical with the set of edges of G and
two vertices of L(G) are adjacent if and only if the corresponding edges are adjacent
in G. Iterated line graphs are defined inductively as follows:

Z- G iti—0,
LAG) = { LL-Y(G)) iti> 0.

The Wiener index of the line graph of a tree T' can easily be computed from
W (T') by using the following result from [1]:

Theorem 1.1 Let T be a tree on n vertices. Then W (L(T)) = W(T) — (3).

Since (4) > 0 if n > 2, there is no nontrivial tree for which W (L(T)) = W(T).
However, there are trees T satisfying W (L*(T)) = W(T), see e.g. [4]. In [5], the
following problem was posed:

Problem 1.2 Is there any tree T satisfying equality W (LY(T)) = W(T) for some
1>37

As observed above, if T is a trivial tree, then W(LY(T)) = W(T) for every i > 1,
although here the graph L*(T) is empty. The real question is, if there is a nontrivial
tree T and @ > 3 such that W(LY(T)) = W(T).

In papers [15, 16, 17, 18] (see [18, Corollary 1.4]) we solved Problem 1.2 for ¢ > 4:

Theorem 1.3 Let T be a tree and i > 4. Then we have

W(LNT)) = W(T) if T is trivial,
W (LYT)) < W(T) if T is a nontrivial path or the claw Kj 3,
W(LYT)) > W(T) otherwise.

In this paper we consider Problem 1.2 for the remaining case ¢ = 3. Let Hj be
the tree on six vertices, out of which two have degree 3 and four have degree 1. In
[16, Corollary 1.6], we proved:

Theorem 1.4 Let T' be a tree which is not homeomorphic to a path, claw K, 3 or
Hy, and let i > 3. Then W(LY(T)) > W(T).
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(Recall that two graphs G; and Gy are homeomorphic if and only if there is a
third graph H, such that both G; and G5 can be obtained from H by means of edge
subdivision.)

By Theorem 1.4, to solve Problem 1.2 for ¢ = 3, it suffices to consider paths and
trees homeomorphic to the claw K, 3 and Hy.

First, let us concentrate to paths. Denote by P, a path on n vertices. If n > 2,
then W(P,) > W(P,_), since P,_; is a subgraph embedded isometrically in P,.
Since L(P,) = P,_; if n > 2, while L(P}) is an empty graph, we have W (L'(P,)) #
W(P,) for every i > 1 if P, is a nontrivial path.

Similarly, there is no solution of Problem 1.2 among trees homeomorphic to the
claw K 3; namely, in Section 3 we prove the following:

Theorem 1.5 Let T be a tree homeomorphic to Ky 3. Then W (L3(T)) # W(T).

However, there is a non-trivial solution of Problem 1.2 among trees homeomor-
phic to Hy. Denote by H, 4 ca. & specific tree homeomorphic Hy, defined as follows:
In Hypcae, the two vertices of degree 3 are joined by a path of length e+1, e > 0.
Hence, this path has e vertices of degree 2. Further, at one vertex of degree 3 there
start two pendant paths of lengths a and b, where a,b > 1, and at the other vertex
of degree 3 there start another two pendant paths of lengths ¢ and d, where ¢, d > 1.
Thus Hypeae has a + b+ ¢+ d + e + 2 vertices (see Figure 1 for Hsz3422). By
symmetry, we may assume that a > b, ¢ > d and b > d. That is, we assume that
the shortest pendant path in H,} 4. has length d.

/C/
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o
Figure 1: The graph Hypcd.e-

In Section 3, we prove the following:

Theorem 1.6 The equation W(L*(Hypeae)) = W(Hupede) holds if and only if
d=e=1 and there are i,j € Z, 1 > j, such that

128 + 3i% + 352 — 3ij + i
b = 128432 +352—3ij+j (1)
c = 1284+ 3i* +35% — 3ij + i+ J.



We remark that the “if” part of Theorem 1.6 was already proved in [14]. The
smallest tree satisfying (1) is Hios 12812811 on 388 vertices obtained when i = j = 0.
We can summarize our results regarding Problem 1.2 in the following theorem:

Theorem 1.7 Let T be a tree and i > 3. Then we have

(i) W(LX(T)) = W(T) if T is trivial or i = 3 and T is Hype11, where a,b,c
satisfy (1);

(ii) W(LY(T)) # W(T) if i = 3 and T is homeomorphic to Ky 3 or Hy with the
exception of trees mentioned in (i);

(iii) W(LY(T)) < W(T) if T is a nontrivial path or the claw K 3;
(iv) W(LY(T)) > W(T) otherwise.

It is obvious that trees mentioned in (ii) either satisfy W(L3(T)) < W(T) or
W (L3(T)) > W(T). If T # K, 3, in some cases we prove W (L*(T)) > W(T), but
in the others using congruences we can only show W (L3(T)) # W(T), see below.

In the next section we present a lemma, with the help of which we prove Theo-
rems 1.5 and 1.6 in Sections 3 and 4, respectively.

2 Preliminaries

A degree of a vertex, say v, is denoted by deg(v), or when convenient, by d,. Analo-
gously as a vertex of L(G) corresponds to an edge of G, a vertex of L?(G) corresponds
to a path of length two in G. For z € V(L*(G)) we denote the corresponding path
by Bs(z). For two subgraphs S; and S, of G, the shortest distance in G between a
vertex of S; and a vertex of Sy is denoted by d(S7, Ss). If S; and S, share an edge,
then we set d(Si,52) = —1.

Let z and y be two vertices of L?(G), such that u is the center of By(z), the
vertex v is the center of Bs(y) and u # v. Then

dr2(cy(@,y) = d(Ba(x), B2(y)) + 2.

Let w,v € V(G), u # v. Let [;(u,v) denote the number of pairs z,y €
V(L*(@)), with u being the center of By(x) and v being the center of Bs(y), such
that d(Bsy(x), Ba(y)) = d(u,v) —2+1. Since d(u,v) —2 < d(By(z), Bs(y)) < d(u,v),
we have 3;(u,v) = 0 for all i ¢ {0,1,2}. Moreover, 37 Bi(u,v) = (dz“) (d2”).

b, v) = ((012) (2) _ 1) A, v) + By (1, v) + 2Ba(u, ). @)

In [14, Lemma 2.2] we have the following statement:



Lemma 2.1 Let G be a connected graph. Then

W(LAG) = W(G) =Y hlu,v)+ Y [3 @) +6 (‘1)} :

uFv U

where the first sum is taken over unordered pairs of vertices u,v € V(G), such that
either d, # 2 or d, # 2, and the second one is taken over u € V(G).

Observe that W (P,) = <(n—1) +...+ 1) + <(n—2) +...+ 1) +...+1= (”;’1)
Using this fact, one can show that W (H,pcad.e) is a polynomial of third degree in
a, b, ¢, d and e, and so is also W (L*(Hypca.)) (the situation with the claw being
similar). However, if we calculate W (L3(Hopca.e)) — W(Hypede) with the help of
Lemma 2.1, we obtain a polynomial the degree of which is at most 2, since the pairs
of vertices u, v with d, = d, = 2 do not contribute to W(L*(H,pcde)) —W (Hapcde)
(for detailed calculation see the proofs below).

3 Proof of Theorem 1.5

PrOOF OoF THEOREM 1.5. Let Uy, be a tree homeomorphic to the claw K3 in
which the paths connecting the vertices of degree 1 with the vertex of degree 3 have
lengths a, b and ¢, where a > b > ¢ > 1. The tree Cyp . has exactly a +b+c+ 1
vertices, see Figure 2 for Cy 3.

We prove Theorem 1.5 by counting the distances in L(C, ) instead of in Cy .
and L3(Cupe). In L(Cup.) we distinguish 6 vertices x1, xa, 3, y1, y2 and y3. The
vertices 1, x2 and x3 correspond to the pendant edges of C, ., while the vertices
Y1, Y2 and y3 correspond to the edges incident with the vertex of degree 3 in Cyp,
see Figure 2 for L(Cy32). Observe that if c =1 (b = 1 or a = 1), then z3 = y3
(xg = yo or 1 = y1), and in such a case, deg(x3) = 2 (deg(zs) = 2 or deg(z;) = 2,
respectively).

In what follows, the graph L(C,;.) is denoted by LC. Further, for i € {1,2, 3},
let V; be the set of vertices of V(LC') of degree i. For x € V; and y € V3, define

SHz) = hu,z) where u € V(LC) \ Vi,
M'"= > h(u,v) where u,v € V7,
uFv
S3(y) = > h(u,y) where u € V3,
M3 =" h(u,v) where u,v € V3,
UFEV
D=>" [3(;) + 6(2)] where u € V5.

Observe that )5 . S (x)+M'+37 . S°(y) -+ M? sums h(u,v) for all pairs {u, v}
of vertices such that either deg(u) # 2 or deg(v) # 2.
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Denote P = W (L3(Cupe)) — W(Cape). Since Cyp. has a + b+ ¢+ 1 vertices,
we have W(Cyp.) = W(LC) + (a+bgc+l), by Theorem 1.1. Thus, by Lemma 2.1, we
have

a+b+c+1
P = W(L*(LC)) — W(LC) — (“*75H)
= > Sa)+ M'+ Y S (y)+ MP+ D — (et (3)

zeVy yeVs

This naturally splits the problem into four cases according to the size of V;. In each
of these cases we evaluate S'’s, M', S%s, M3 and D, and we solve the equation
P = 0. To avoid fractions, in some cases we solve the equation 2P = 0 instead of
P=0.

b

P

Figure 2: The graphs C, . and L(Cyp,.) = LC.

Case 1. a,b,c > 2, that is, |V;| = 3.

We start with evaluating S'(z), where x € V;. Since deg(x) = 1, we have
Bi(u,z) = 0,0 < 5 < 2. Hence, h(u,z) = —d(u, ), see (2). The sum of distances
from 7 to all interior vertices of x1 —xs pathis 1+2+...4+ (a+b—2) = (“+g_1) (see
Figure 2). The sum of distances from x; to all interior vertices of z; — x3 path, not
included in the previous calculation, is a + (a+1) + ... + (a+c—2) = (“+§_1) — ().
In this way we get S*(z;) and analogously we calculate S*(x3) and S*(x3):

S'w) = =) = ("5 + (5),
Sxz) = (") =)+ (),
Stas) = —(“5) ="+ ()

Now h(zy,xe) = —(a+b—1). Using the symmetry we obtain
M' = —(a+b—1) — (a+c—1) — (b+c—1).

In S3(y) we sum h(u, y), where deg(u) = 2 and deg(y) = 3. Hence, (dz“) (dzy) —-1=
2. Since fo(u,y) = 2, Bi(u,y) =1 and Ba(u,y) = 0, we have h(u,y) = 2d(u,y) + 1.
Thus, the sum of h(u,y;)’s for interior vertices u of y; — x1 path is 2(1 +2+ ...+

(a—2)) + (a—2) = 2(,") + (a—2) (see Figure 2). Analogously, the sum of h(u,y;)’s
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for interior vertices of yo— o path is 2(2+3+. . .4 (b—1))+(b—2) = 2(}) —2+(b—-2) =
2(12’) + (b—4). In this way we get

Sy) = 2(“7") + (a=2) +2(3) + (b—4) +2(5) + (c—4),
S¥(y2) = 2(5) + (a— 4 +2(b;1)+ b—2) +2(5) + (c—4),
S?(ys3) 2(5) + (a—4) +2(2) + (b—4) + (021)+(c—2).

Consider h(y;,y2). Here (dgl) (d”) 1 =8, Bo(yr,y2) = 4, f1(y1,y2) = 5 and
Bao(y1,y2) = 0 (see Figure 2). This means that h(yl, y2) = 845 = 13, and analogously

also h(y1,y3) = 13 and h(ys,y3) = 13. Hence
M? = 13+13+13.

Finally, since LC has exactly three vertices of degree 3 and no vertex of higher

degree, we have
D= Z[ 6(%)| =3[3¢)] = 9.

By (3), expanding the terms (using a computer package, for instance), we get

P = (a*+b*+c?) — 3(ab+actbe) + (a+btc) + 21
= (a+b+c)® — 5(ab+actbe) + (a+b+c) + 21.

Now substitute x = (a+b+c) and consider the equation P = 0 over Zs. We get
P +r+1=0,

which has no solution in Zs. Consequently, P = 0 has no integer solution and
W (L*(Cupe)) — W(Cape) # 0 in this case.

Case 2. a,b > 2, ¢ =1, that is, |V}| = 2.

In this case the vertex x3 = y3 has degree 2, so we do not need to find S*(z3) and
S3(ys), see (3), but we must include the distances to zz in S'(x1), S*(x2), S3(y1)
and S3(y). Analogously as in the previous case we have

Sl (x1> — (a-i—b 1)
Sl (1’2) — (a-i—b 1)
M' = —(a+b- 1),

S¥y) = 2(“7") + (a=2) +2(5) + (b—4) + 2+ 1,
SPya) = 2(5) + (a—4) +2(°5") + (b—2) + 2+ 1,
M3 = 13,
D = 2-3(})=6.



By (3), expanding the terms we get

2P = (a*+b*) — 6ab — 5(a+b) + 30
(a+b)* — 8ab — 5(a+b) + 30. (4)

Now consider the equation 2P = 0 over Zs. We get (a'+0')? + 24’V = 0. It is a
matter of routine to check that the only solution in Zs is «’ = & = 0. Hence, in
(4) we have 25 | (a+b)?, 25 | 8ab and 25 | 5(a+b). Since 25 1 30, (4) has no integer
solution. Thus, P = 0 has no solution also in this case.

Case 3. a > 2, b=c=1, that is, |V}| = 1.
The vertices 15 = y» and 23 = y3 have degree 2, so we do not need to find S*(xs),
St(x3), S3(y2) and S3(y3). We have

S'a1) = —(3) —a—a,
MY = 0,

S*y) = 2(*)) +(a—2)+2+1+2+1,
M? = 0,
D = 3()=3.

By (3), expanding the terms we get
P=—-6a+6<0

as a > 2. Thus, P = 0 has no solution in this case.

Case 4. a =b=c =1, that is, |[V}| = 0.

In this case Cyp. = K13 and LY(K;3) is a cycle of length 3 for every i >
1. Since W(G) = 3 if G is a cycle of length 3, while W(K;3) = 9, we have
W (L*(Cy11)) — W(Ch1.1) # 0 also in this case. O

4 Proof of Theorem 1.6

PrROOF OF THEOREM 1.6. We proceed analogously as in the proof of Theorem 1.5.
That is, we prove Theorem 1.6 by counting the distances in L(H,pq4.) instead
of those in Hypeae and L3(Hypede) In L(Hypeae) we distinguish 10 vertices
1, %2, ...,T4 and y1, Yo, ..., Ys. Lhe vertices xy,..., x4 correspond to pendant edges
of Hypeae, While the vertices yy, ..., ys correspond to edges incident with vertices
of degree 3 in Hyp 4. (see Figure 3). Observe that if e = 0, then y; = ys and
deg(ys) =4. fd=1(c=1,b=1o0r a=1), then x4 = yy (r3 = Y3, To = Yo OF
x1 = y1), and in such a case deg(x,) = 2 (deg(x3) = 2, deg(xz) = 2 or deg(x1) = 2,
respectively).



In what follows, the graph L(H,pcae) is denoted by LH. Further, for i €
{1,2,3,4}, let V; be the set of vertices of V(LH) of degree i. For z € V; and
y € V3 U Vy, define

St(z) = hu,x) where u € V(LH) \ Vi,
M'"= " h(u,v) where u,v € Vi,
uFv
S3(y) = >- h(u,y) where u € V3,
M3 =3 h(u,v) where u,v € V3 UV,
uFv
D=5 [3()+6()]  wherewe UV,

Observe that once again, 3y, S*(2) +M'+3>7 1. v, S°(y) + M? sums h(u, v) for
all pairs {u, v} of vertices such that either deg(u) # 2 or deg(v) # 2.

Denote P = W (L*(Hapede))—W (Hopede) Since Hypede has at+b+c+d+e+2
vertices, we have W (Hypcae) = W(LH) + (“+b+cgd+e+2), by Theorem 1.1. Thus,
by Lemma 2.1, we have

P = W(L2(LH)) o W(LH) . (a+b+c—|2—d+e+2)

_ ZSl(x)+M1+ Z S?’(y)+M3+D— (a+b+c+2+d+e+2). (5)

zeVy yeV3UVy

If e = 0, then we have one vertex of degree 4 in LH, while if e > 1, then the
greatest degree of a vertex in LH is 3. By symmetry, we distinguish eleven cases.
In the first five cases we have e > 1 and in the next five we have e = 0. In each
of these first ten cases (the last case will be solved in a different way) we evaluate
Sls, MY, S%s, M3 and D and we solve the equation P = 0. To avoid fractions, in
some cases we solve the equation 2P = 0.

Figure 3: The graph LH = L(H,pcq4.) for e > 1 and e = 0.

Case 1. a,b,c,d > 2,e > 1.
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We start with evaluating S'(z), where x € V;. Since deg(x) = 1, we have
Bi(u,x) =0,0 < j < 2. Hence, h(u,z) = —d(u,z). The sum of distances from z; to
all interior vertices of 1 — xo pathis 14+2+...4 (a+b—2) = (“+l2’_1) (see Figure 3).
The sum of distances from x; to all interior vertices of 1 — x3 path, not included
in the previous calculation, is (‘”5“) — (;) Finally, the sum of distances from x;
to all interior vertices of 21 — x4 path, not included previously, is (“+;+d) — (“+§+1).
In this way we get S*(z;) and analogously we calculate S*(x3), S*(z3) and S*(z4):

51(1131) _ (a+b 1) _ (a+e+c) ( ) . (a—i—e—i—d) + (a—i—;—i—l)’
51(1132) _ (a—i—b 1) _ (b+e+c) + ( ) (b+e+d) (b—i—;—i—l)’
Stws) = —("57) = )+ () = () + ()
SY(z) = —(OTEH) = (Prerd) 4 (erdely (o) (9
Now h(zy,z) = —(a+b—1) and h(z1,x3) = —(a+e+c). Using the symmetry we

obtain
M' = —(a+b—1) — (ate+c) — (ate+d) — (b+e+c) — (b+e+d) — (c+d—1).

In S3(y) we sum h(u,y), where deg(u) = 2 and deg(y) = 3. Hence, (d2“) (d2y) —1=
2. Since By(u,y) = 2, f1(u,y) =1 and fa(u,y) = 0, we have h(u,y) = 2d(u,y) + 1.
Thus, the sum of h(u,y;) for interior vertices u of y; — x; path is 2(1 +2+ ... +
(a—2)) + (a—2) = 2(*}") + (a—2) (see Figure 3). Analogously, the sum of h(u, y;)
for interior vertices of yo — x5 pathis 2(2+3+... 4+ (b—1)) + (b—2) = 2(12’) + (b—4);
the sum of h(u,y;) for interior vertices of ys — ys path is 2(2+3+...4¢)+(e—1) =
2(631) + (e—3); and the sum of h(u,y;) for interior vertices of y3 — x3 path is
2((e+3) + (e+4) +... + (e+c)) + (c—2) = 2(“*5™) —2(°}?) + (c—2). In this way we
get

S*y) = 2(“7") + (a=2) +2(5) + (b—4) + 2(“T") + (e—3)
+ 2(e+§+1) . 2(@-53) + (0—2) + 2(e+62l+1) - 2(e 3) _'_

S ya) = 2(5) + (a—4) + 2(1’;1
+ 2(e+c 1) o 2(e+3)

+ (—-2) +2(°3") + (e—3)

(C 2>+2(e+d+1) 2(@ +3 _'_
2(b+6+1) _ (e—;— (

)+
=+ + :

SP(ys) = 2(°T) —2(°F) + (a—2) + )+ (b-2)

+2(0N) + (e=3) +2(%5") + (c=2) +2() + (d—4),
53(y4> _ (a+e+1) 2(e 3) (a— 2)_'_2(b+e+1)_ (e+3)+(b 2)

+2(F) 4+ (e=3) +2(5) + (c—4) +2(}") + (d—2),
S ys) = 2(5) + (a— 4)+2() (b—4) +2(5) + (e—1)

F2(F) 2 + (e-2) +2(5) — 28 + (d-2)
) = 2(757) —2(4) + (o 2>+2<b+6>—2<@+2> +(0-2)

+2(5) + (e=1) +2(5) + (c—4) +2(3) + (d—4).
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Consider h(y;,y,), where 1 <7 < j < 6. Here (dgi) (dgﬂ')—l = 8 and By(y;,y;) = 4.
If y; and y; lie in a common triangle, then 5 (v;, y;) = 5 and Sa(y;, y;) = 0, while if y;
and y; do not lie in a common triangle, then 5 (y;,y;) = 4 and Ba(y;, y;) = 1. This
means that h(y1,y2) = 13, h(y1,ys3) = 8(e+2)+6 = 8e+22, h(y1,ys) = 8(e+1)+6 =
8¢ + 14 and h(ys,ys) = 8¢ + 6. Hence

M = (134 (8e+22) + (3e+22) + 13+ (Se+14) ) + ((8e+22) + (8e+22)
+13+ (8¢+14)) + (13 + (8e+14) + 13) + ((8e+14) + 13) + ((3¢+6)).

Finally,
D=3 [3(5) +6(})] =6[3()] =18

By (5), expanding the terms (using a computer package, for instance), we get

2P = T(a*4+b+c*+d*+e*) — 6(ab+actad+betbd+cd) + 4(aet-be+cet-de)
+ 5(a+b+c+d) + 65e + 234
= T(a+b+ct+d+e)? — 20(ab+actad+be+bd+cd) — 10(aetbetce+de)
+ 5(a+b+c+d) + 65e 4 234.

Now substitute = = (a+b+c+d+e) and consider the equation 2P = 0 over Zs. We
get
20° 44 =0,

which has no solution in Zs. Consequently, P = 0 has no integer solution and
W(L*(Hupede)) — W(Hapede) # 0 in this case.

Case 2. a,b,c>2,d=1,e>1.

In this case the vertex x4 = y4 has degree 2, so we do not need to find S*(z4) and
S3(yy), but we must include the distances to x4 in S'(zy), SY(z2), S*(z3), S3(y1),
S3(y2), S3(y3), S3(ys) and S3(ys). Analogously as in the previous case we have

Sl(l’l) _ (a+b 1) ( +e+c) ( ) - (a+e—|—1),

Sl(l’g) _ (a—i—b 1) (b+e+c) ( ) _ (b+€—|—1),

51(1'3) _ _(a+2e+c) - (b—i—;—i—c) + (e-l—;-i—l — ¢,
M' = —(a+b—1) — (ate+ec) — (b+e+e),

S¥y) = 2(%)") + (a=2) +2(5) + (b—4) +2(°3") + (e—3)
+2(°FN) = 2(F?) + (c—2) + 2(e+2) + 1,

SPya) = 2(8) + (a—4) +2(°5") + (0-2) +2(°3") + (e-3)
+2(T5) = 2(°F7) + (c—2) + 2(e+2) + 1,
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53(y3> _ (a+e+1) (e 3) + a— 2 +2(b+e+1) 2(@-53) —|—(b—2)
+2(“TN) 4+ (e=3) +2() + (c—2) + 2+ 1,

Sys) = 2(3) + (a=4) +2(3) + (0—4) +2(5) + (e—1)
+2(75°) = 2(%) + (e=2) +2(e+1) + 1,

53(y6) _ 2(a+e) _ (e 2) ‘l‘ a— 2 ‘l‘ 2(b+e) . 2(e+2) (b 2)
+2(5) + (e=1) +2(5) + (c—4) +2+1,
M = (13 +(8e422) + 13+ (8e+14)) + ((8e+22) +13 4+ (8e+14))

+ ((8e+14) +13) + ((8e+6))
D = 5-3(}) =15.

By (5), expanding the terms we get
P = 3(a®+b*+c*+e?) — 3(ab+ac+be) + (aetbe) + 2ce — 2(a + b) — ¢ + 28e + 97.

Since (a—b)% + (b—c)? + (c—a)? = 2(a®*+b*+c?) — 2(ab+act+bc) > 0, we have
3(a*+b*+c?) — 3(ab+ac+bc) > 0. Hence, if e > 2, then

P >3e* + (e — 2)(a+b) + ¢(2e — 1) + 28e + 97 > 0.
This means that if P =0 then e = 1. For e = 1 we obtain
P = 3(a®*+b*+c?) — 3(abtact+be) —a — b+ c + 128.
Substituting a = 128 + x, b = 128 + y and ¢ = 128 4+ z we get
P = 3(2*+y*+2?) — 3(wy+aztyz) —x —y + 2.
Now we solve the equation P = 0. This gives
(2?2 +2%) — 3(wy+aztyz) =z +y— 2z =3t
or equivalently
%((a:—y)Z + (y—2)* + (z—a:)2> =x+y—z=3t,
where ¢ is nonnegative integer. Since x, y and z were defined using a, b and ¢, the
differences (z—y) and (z—zx) are integer numbers. Set ¢ = (z—y) and j = (z—x).
Then (x—y) = (2—y) — (z—z) =i — j, so that

ot = (1—y)? + (y—2)* + (z—2)? = (i—5)? + (—4)® + j% = 26* + 25% — 2ij
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and consequently 3t = 3i2 + 352 — 3ij = x + y — 2. This gives

T 3t + (z—y) = 3i* + 35% — 3ij + 1,
y = 3t+ (z2—x) = 3i* + 35% — 3ij + J,
z = x4+y—3t=3"+352—-3ij +i+],

which is equivalent to (1).

In [14] we proved that for every triple a,b, ¢ satisfying (1) and e = 1 it holds
P =0 (that is, W(L*(Hape11)) = W(Huper1)). Thus, P = 0 in this case if and
only if e = 1 and a, b, ¢ satisfy (1).

Case 3. a,c>2, b=d=1,e> 1.
The vertices 15 = y, and x4 = y4 have degree 2, so we do not need to find S*(z3),
SH(zy4), S3(y2) and S3(y,). We have

SHz1) = —a— (") — (ate+l),
SHas) = —("757) — (e+c+1) —
M' = —(atetc),

Sy) = 2(FN) +(a=2) + 2+ 1+2(TY) + (e—3)
+2(751) = 2(°5%) + (e-2) +2(e+2) + 1,
Sys) = 2(°T5™) - 2(6”’) +(a—2) + 2(e+2) + 1
+2(TN + (e=3) +2(5Y) + (c=2) + 2+ 1,
S¥ys) = 2(%) + (a— 4)+2+1+2( )+ (e—1)
+2(5) = 2(%37) + (c=2) + 2(et+1) + 1,
Sys) = 2("3) —2(“3) + (a—2) +2(e+1) + 1
+2(5) + (e=1) +2(5) + (c—4) + 2+ 1,
M = ((8e+22) + 13+ (8e+14)) + ((Be+14) +13) + ((8e+6) ),
D = 4-3() =12

By (5), expanding the terms we get
2P = 5(a*+c*+e?) — 6ac + 2(ae+tce) — 11(a + c) + 45e + 148.

Since 4(a—c)? = 4a*+4c*—8ac > 0 and (a+c—6)* = a®+c?+2ac—12(a+c)+36 > 0,
we get

2P a® + c® + 5e + 2ac + 2(ae+tce) — 11(a + c) + 45e + 148

>
> 5e? + 2(aetce) + (a + ¢) + 45e + 112 > 0.

Thus, the equation P = 0 has no solution in this case.
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Case 4. a,b>2,c=d=1,e> 1.
The vertices 3 = y3 and 24 = y4 have degree 2, so we do not need to find S*(x3),
St(zy), S?(y3) and S3(y4). We have

Stay) = —("57) = (757 + () — (atetl),
Stas) = —("57) = (57 + () — (b+et),
M' = —(a+b-1),

S*y) = 2(“7") + (a=2) +2(0) + (b—4) +2(“T") + (e—3)
+2(e—|—2) +1+2(e+2) + 1,
S¥(y) = 2(5) + (a—4) +2(°}") + (b—2) + 2(“T") + (e-3)
2(e+2) +1+4+2(e+2) 4+
S ys) = 2(3) + (a—4) +2(5) + (b— 4 +2( ) + (e—1)
+2(e+1) + 14 2(e+1) + 1,
S3(ys) = 2(“;6) 2(6“) + (a=2) +2("5) —2(“3%) + (b-2)
+2(5) +(e—1)+2+1+2+1,
M = (134 13+ (8e+14)) + (13 + (8e+14)) + ((8e+6) ),
D = 4-3(3) =12
By (5), expanding the terms we get
2P = 5(a®+b*+e?) — 6ab — 13(a+b) + 47e + 148.

Since 4(a—b)? = 4a*+4b*—8ab > 0 and (a+b—7)* = a*+b*+2ab—14(a+b)+49 > 0,
we get

2P a® +b* + 5e* + 2ab — 13(a + b) + 47e + 148

>
> 5e2+ (a+b)+47e +99 > 0.
Thus, the equation P = 0 has no solution in this case.

Case 5. a>2,b=c=d=1,e>1.

The vertices o = yo, x3 = y3 and x4 = y4 have degree 2, so we have
S'z1) = —a—("5"7) = (ate+),

M' = 0,
Sy) = 2(%") +(a=2) + 2+ 1+2(T") + (e=3) +2(e+2) + 1 +2(e+2) + 1,
Sys) = 2(5) +(a—4) +2+14+2(5) + (e—1) +2(e+1) + 1+ 2(e+1) + 1,
Sys) = 2("3) —2(57) + (a=2) +2(e+1) + 1 +2(5) + (e=1) +2+1+2+1,

MP = (134 Se+14)) + ((8e+6)),

D = 3-3()=0.

a
2
a

DO
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By (5), expanding the terms we get
P =2a* 4 2¢* — 10a + 17e + 48.
Since (a—5)? = a® — 10a + 25 > 0, we get
P > a®+2¢"+17e+23> 0.

Thus, the equation P = 0 has no solution in this case.

Case 6. a,b,c,d > 2, e =0.

In this case, and also in the next four, we have y5 = yg and the degree of ys5 is
4 (see Figure 3). This does not affect S'(z;), M' and S*(y;), where 1 < i,j < 4.
Hence, analogously as above we get

Sl(xl) — _(a-l—g—l) . (a-l—c) (;) (a+d) (a-i-l)7
S'e) = (57 = () +6) - () + (5,
Sts) = —(3) = () + () = (2 ) + ()
Stea) = (") = (3) + () = () + ()
M' = —(a+b—1) — (a+c) — (a+d) — (b+c) — (b+d) — (c+d—1),
S*y) = 2(*5) + (a—2) +2(;’)+(b—4)+2(cgl)+ (c—8) +2(“t") + (d—8),
5%(y2) 2(8) + (a—4) +2(°5") + (5=2) +2(5") + (c—8) +2(*F") + (d-8),
S ys) = 2(“FY) + (a=8) +2("t") + (b-8) +2(C;1) (c=2) +2(3) + (d—4),
Sya) = 2(“F") +(a=8) +2("5") + 0-8) +2(5) + (c—4) +2(%5") + (d—2),
where we simplified expressions as 2(**0") — 2(2%) + (a—2) to 2(“}") + (a—38).
Now we discuss the terms containing h(u,ys). In S3(ys) we sum h(u,ys), where
deg(u) = 2 and deg(ys) = 4. Hence ( )( ) 1 = 5. Since By(u,ys) = 3, B1(u,ys) =
3 and fa(u,ys) = 0, we have h(u,ys) = 5d(u,yz) + 3. Thus, the sum of h(u,ys) for

interior vertices u of y; —x path is 5(24+3+...+(a—1))+3(a—2) = 5(5) —5+3(a—2)
(see Figure 3). In this way we get

S*ys) = 5(5) —54+3(a—2)+5(3) —5+3(b—2) +5(5) — 5+ 3(c—2)
+5(%) — 5+ 3(d—2).

Now consider h(y;,ys), 1 < i < 4. Here (dgi) (dgs) —1 =17 and Bo(ys,y5) =

2-3 = 6. Since y; and ys allways lie in a common triangle, we have 51 (y;,y5) = 11
and Bo(y;,ys) = 1 (see Figure 3). Thus, h(y;,ys) = 17-1+114+2-1 = 30. As
regards h(y;,y;), where 1 < i < j < 4, analogously as above we get h(y;,y2) = 13
and h(yi,ys) = 8e+ 22 = 22. Hence

M? = (13+422422+30) + (224+22+30) + (13+30) + 30.
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Finally,
D=3"[3(%) +6(4)] =4[3()] + [3() +6()| =12+18

By (5), expanding the terms we get

P = 4(a®+b*+*+d*) — 3(ab+actad+be+bd+cd) + 3(a+b+e+d) + 137
= 4(a+b+ct+d)? — 11(ab+actad+bet+bd+ed) + 3(a+btctd) + 137.

Substitute 2 = (a+b+c+d) and consider the equation P = 0 over Z;;. We get
4% + 3z 4+5=0,

which has no solution in Z;;. Consequently, P = 0 has no integer solution and
W(L*(Hapedo) — W(Hapeao) # 0 in this case.

Case 7. a,b,c>2,d=1,e=0.
In this case the vertex z, = y4 has degree 2, so we do not need to find S*(xy)
and S3(y4). Analogously as in the previous case we have

St(zy) = —(“*3‘1)—(“§C)+(g)—(a+1),

Stan) = —("57) = (39 + (5) — (b+1),

Slas) = ()= () +(5) — ¢
MY = —(atb- 1) (a+c) — (b+c),

S) = 205 + (a=2) +2(8) + (b—=4) +2(“F") + (=8) + 4+ 1,

Slyn) = 2(9) + (a=4) +2(5") + (b=2) +2(3) + (c=8) + 4+ 1,

5%(ys) 2(“) + (a—8) + 2("T") + (0-8) + 2(,") + (c—2) + 2 + 1,

SPlys) = 5(9) —5+3(a=2)+5(2) —5+3(b—2) +5(5) —5+3(c—2) +5+3,
M? 13+22+30) + (22430) + 30,

=
D = 3(3())+(3() +6()) =9+18
By (5), expanding the terms we get
2P = 7(a*+b*+c*) — 6(ab+ac+bc) — 3(a+b) — ¢ + 232.

Since 3(a—b)* + 3(b—c)? + 3(c—a)? = 6(a®*+b*+c?) — 6(ab+ac+bc) > 0 and also
(a—2) + (b—2)* 4 (¢c—1)* = (a®+b*+c*) — 4(a+b) — 2¢ + 9 > 0, we get

2P (a®+b*+c*) — 3(a+b) — ¢ + 232
a+b+c+223>0,
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Thus, the equation P = 0 has no solution in this case.

Case 8. a,c>2, b=d=1,e=0.
The vertices x9 = 1o and x4 = y4 have degree 2, so we have

S (z1) = —a— (“F) - (a+1)
Sl(xs) = —(3°) — (c+1)
M = —(ate),
) = 2(%5) +(@=2)+2+1+2(F) + (c=8) +4+1,
SBlys) = 2(T) + (a—8) +4+1+2() + (c=2) + 2+ 1,
S ys) = 5(3) —5+3(a—2)+5+3+5(5) —5+3(c—2) +5+3,
M3 = (22430) + 30,

D = 2(3())+(3() +6()) =6+18
By (5), expanding the terms we get
P = 3(a*+c*) — 3ac — 5(a+c) + 92.

Since 2(a—c)? = 2(a*+c*) —4ac > 0 and (a—3)?+ (¢c—3)? = (a®*+c*) —6(a+c)+18 >
0, we get

P (a*+c*) + ac — 5(a+c) + 92

>
> ac+ (a+c) + 74 > 0.

Thus, the equation P = 0 has no solution in this case.

Case 9. a,b>2,c=d=1,e=0.
The vertices 3 = y3 and x4 = y4 have degree 2, so we have

S'(z) = —("57") = (a+1) = (a+1) -
S'(wa) = —(“707Y) = (b+1) — (b+1) — b,
M' = —(at+b— 1)

) = 2(") +(a=2) +2(3) + (- +4+1+4+1,
Syn) = 2(0) + (a4 +2(") + (b-2) +4+1+4+1,
S ys) = 5(3) —5+3(a—2) +5(3) —5+3(b-2) +5+3+5+3,
M? = (13+30) + 30,

(
D = 2(3())+(3() +6()) =6+18
By (5), expanding the terms we get

P = 3(a*+b%) — 3ab — 6(a+b) + 92.
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Since 2(a—b)? = 2(a?+b?)—4ab > 0 and (a—3)*+(b—3)? = (a®+b*)—6(a+b)+18 > 0,
we get

P (a®+b*) + ab — 6(a+b) + 92

>
> ab+ 74> 0.

Thus, the equation P = 0 has no solution in this case.

Case 10. a > 2, b=c=d=1,e=0.
The vertices x9 = 19, 3 = y3 and x4 = y4 have degree 2, so we have

S'(a) = —(%3") = (a+1) = (a+1) —a,
MY = 0,
S*y) = 2(“7) +(a=2)+2+1+4+1+4+1,
S¥ys) = 5(3) —5+3(a—2)+5+3+5+3+5+3,
M? = 30,
D = 3()+(3() +6(})) =3+18

By (5), expanding the terms we get
2P = 5a” — 19a + 130.
Since 5(a—2)? = 5a% — 20a + 20, we get
2P > a + 110.

Thus, the equation P = 0 has no solution in this case.

Case1l. a=b=c=d=1,e>0.
In [15, Theorem 1.5] we proved that W (LY(T)) > W(T) for every i > 3 and for
every tree T" which is different from a path and the claw K; 3 and in which no leaf

is adjacent to a vertex of degree 2. By this statement, for H = H; 111, we have
W (L3(H)) > W(H), which completes the proof. O

Acknowledgements. The first author acknowledges partial support by Slovak re-
search grant VEGA 1/0065/13. The first two authors acknowledge partial support
by Slovak research grant APVV-0223-10. The first, third and fourth authors ac-
knowledge partial support by bilateral Slovak-Slovenian grant. The first and fourth
authors acknowledge partial support by Slovenian research agency ARRS, program
no. P1-00383, project no. 1.1-4292, and Creative Core FISNM 3330-13-500033.

19



References

1]

2]

3]

[4]

[5]

[6]

[7]

8]

[11]

[12]

[13]

[14]

F. Buckley, Mean distance in line graphs, Congr. Numer. 32 (1981), 153-162.

N. Cohen, D. Dimitrov, R. Krakovski, R. Skrekovski, V. Vukaginovi¢, On
Wiener index of graphs and their line graphs, MATCH Commun. Math. Com-
put. Chem. 64 (2010), 683-698.

P. Dankelmann, I. Gutman, S. Mukwembi, H. C. Swart, The edge-Wiener index
of a graph, Discrete Math. 309 (2009), 3452-3457.

A. A. Dobrynin, Distance of iterated line graphs, Graph Theory Notes of New
York 37 (1999), 50-54.

A. A. Dobrynin, R. Entringer, I. Gutman, Wiener index of trees: Theory and
applications, Acta Appl. Math. 66(3) (2001), 211-249.

A. A. Dobrynin, I. Gutman, S. Klavzar, P. Zigert, Wiener index of hexagonal
systems, Acta Appl. Math. 72 (2002), 247-294.

Y. Don, H. Bian, H. Gao, H. Yu, The polyphenyl chains with extremal edge-
Wiener indices, MATCH Commun. Math. Comput. Chem. 64 (2010), 757-766.

Z. Du, B. Zhou, Minimum Wiener indices of trees and unicyclic graphs with
given matching number, MATCH Commun. Math. Comput. Chem. 63 (2010),
101-112.

R. C. Entringer, D. E. Jackson, D. A. Snyder, Distance in graphs, Czechoslovak
Math. J. 26 (1976), 283-296.

A. Tranmanesh, A. S. Kafrani, Computation of the first edge-Wiener index of
TUC4Cs(S) nanotube, MATCH Commun. Math. Comput. Chem. 62 (2009),
311-352.

[. Gutman, S. Klavzar, B. Mohar (eds), Fifty years of the Wiener index,
MATCH Commun Math. Comput. Chem. 35 (1997), 1-259.

I[. Gutman, S. Klavzar, B. Mohar (eds), Fiftieth Aniversary of the Wiener index,
Discrete Appl. Math. 80(1) (1997), 1-113.

[. Gutman, I. G. Zenkevich, Wiener index and vibrational energy, Z. Natur-
forsch. 57 A (2002), 824-828.

M. Knor, M, Macaj, P. Potocnik, R. Skrekovski, Trees T satisfying W (L3(T)) =
W(T), FILOMAT, (to appear).

20



[15] M. Knor, P. Potocnik, R. Skrekovski, The Wiener index in iterated line graphs,
Discrete Appl. Math. 160 (2012), 2234-2245.

[16] M. Knor, P. Potoénik, R. Skrekovski, On a conjecture about Wiener index in
iterated line graphs of trees, Discrete Math. 312 (2012), 1094-1105.

[17] M. Knor, P. Potocnik, R. Skrekovski, Wiener index of iterated line graphs
of trees homeomorphic to the claw K3, Ars Mathematica Contemporanea 6
(2013), 211-219.

[18] M. Knor, P. Potocnik, R. Skrekovski, Wiener index of iterated line graphs of
trees homeomorphic to H, Discrete Math. 313 (2013), 1104-1111.

[19] M. Liu, B. Liu, On the variable Wiener indices of trees with given maximum
degree, Math. Comput. Modelling 52 (2010), 1651-1659.

[20] W. Luo, B. Zhou, On ordinary and reverse Wiener indices of non-caterpillars,
Math. Comput. Modelling 50 (2009), 188-193.

[21] J. Plesnik, On the sum of all distances in a graph or digraph, J. Graph Theory
8 (1984), 1-21.

[22] H. Wiener, Structural determination of paraffin boiling points, J. Amer. Chem.
Soc. 69(1947), 17-20.

23] B. Wu, Wiener index of line graphs, MATCH Commun. Math. Comput. Chem.
64 (2010), 699-706.

[24] X.-D. Zhang, Y. Liu, M.-X. Han, Maximum Wiener index of trees with given
degree sequence MATCH Commun. Math. Comput. Chem. 64 (2010), 661-682.

21



