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ABSTRACT. In many papers, the relation between the domination number
of a product of graphs and the product of domination numbers of factors
is studied. Here we investigate this problem for domination and total dom-
ination numbers in the cross product of digraphs. We give analogues of
known results for graphs, and we also present new results for digraphs with
sources. Using these results we find domination (total domination) numbers
for some classes of digraphs.
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1. INTRODUCTION

Domination of the products of graphs attracted attention of graph the-
orists for more than forty years starting with the well known Vizing’s con-
jecture [13]. This conjecture claims that for any two graphs, the product
of domination numbers of these graphs is not greater than the domination
number of cartesian product of these graphs. Many generalizations of the
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original problem and related problems were introduced [4], [5], [11]. In re-
cent years the domination and total domination of cross (or direct) product
of graphs have been studied for example in [2], [3], [12]. It was shown that
for cross product the analogue of Vizing’s conjecture is not valid [9]. Upper
and lower bounds for domination number of the cross product of graphs in
terms of domination numbers and packing numbers of factors can be found
in [1]. Upper and lower bounds for total domination number of the cross
product of graphs were found independently in [2], [3], [14]. In this note
we turn our attention to the problem of domination of the cross product
of digraphs. Domination and total domination numbers are generalized to
digraphs in a natural way [4], [5], [6]. It was proved that Vizing’s con-
jecture is not valid for the cartesian product of directed graphs [10]. In
this paper we present lower and upper bounds for domination numbers of
cross product of digraphs. These bounds are similar to those for graphs,
mentioned in the above papers. We show that these bounds are attained
by infinite classes of digraphs, and in all cases we choose our classes so that
the digraphs are not symmetric.

2. PRELIMINARIES

We consider only simple digraphs, i.e., having neither loops nor multiple
arcs. Let G = (V, F) be a digraph. By V(G) and E(G) we denote its vertex
set and its arc set, respectively. We say that vertex u dominates vertex v
if uv € E(G). The open in-neighborhood of a vertex v is the set N, (v) of
all vertices that are dominating vertex v. (In other words, N (v) is the set
of all u’s such that uv € E(G).) Similarly, the open out-neighborhood of
a vertex v is the set N, (v) of all vertices that are dominated by vertex v.
The size of N (v) (N, (v)) is denoted by deg™ (v) (deg™(v)) and it is called
the in-degree (out-degree) of v. The minimum deg™ (v), taken through all
v € V(G), is the minimum in-degree, 67 (G), of G.

Closed neighborhoods of vertex v € V(G) are N (v) = N} (v) U {v}
and N~ (v) = Ny (v)U{v}. Aset D C V(G) is a dominating set of G
if Uyep N~ (v) = V(G), and T C V(G) is a total dominating set of G if
Uper No (v) = V(G). The domination number of G, (G), is the minimum
cardinality of a dominating set of G, while its total domination number,
(@), is the minimum cardinality of a total dominating set of G. Note
that total dominating sets exist in digraphs without sources (vertices of
in-degree 0) only.

A set P C V(Q) is called in-packing if N*(v) N Nt (u) = 0 for any two
distinct vertices u,v € P. A set P’ C V(G) is called open in-packing if
N (v)N N (u) = 0 for any two distinct vertices u,v € P’. The in-packing
number pT (@) is the maximum cardinality of an in-packing set of G, while
the open in-packing number p (@) is the maximum cardinality of an open
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in-packing set of G.

For digraphs G and H, their cross product G x H is a digraph with
vertex set V(G x H) = V(G) x V(H) and with (u,v)(u/,v") € E(G x H)
if and only if uu’ € E(G) and vv’ € E(H). For each vertex v € V(H)
we denote G, = {(u,v); u € V(G)}. We call G, the column of G x H
corresponding to vertex v. Similarly the rows of G x H are defined by
H, ={(u,v):v e V(H)}, where u € V(G).

For the notions and notation not mentioned here, see [4].

3. LOWER AND UPPER BOUNDS FOR (G x H) AND 7(G x H).

Theorem 1. For any two digraphs G and H with 6 (G) > 1 and 6" (H) >
1, we have (G x H) < 3(G)y(H).

Proof. Since 67(G) > 1 and 67 (H) > 1, there exist total dominating sets
in both G and H. Let D; and D be minimum total dominating sets in GG
and H, respectively, and let D = Dy x Dy. Then D C V(G x H). Let (u,v)
be an arbitrary vertex from V(G x H). Then there are vertices v’ € D,
and v/ € Dy such that v/ dominates v and v dominates v. Therefore
(u',v")(u,v) € E(G x H), so that D is a total dominating set in G x H.
Consequently, v(G x H) < |D| = v(G)v(H). O

Let G be a digraph with §*(G) > 1. Suppose that D is a total domi-
nating set in GG, and S is an open in-packing in G. Let v; € S. Then v; is
dominated by at least one vertex u; € D, where u; # v; and u; € N (v;).
For any two vertices u;,u; € S, we have N (u;) N N, (u;) = 0, so that
u; and u; are dominated by different vertices from D. This means that

ps (G) < (@) if 67(G) > 1.

Theorem 2. For any two digraphs G and H with §*(G) > 1 and 6T (H) >
1, we have (G x H) > p (G (H).

Proof. Since 67 (G) > 1 and 67 (H) > 1, we have 67 (G x H) > 1. Let D
be a total dominating set in G x H. Suppose that S = {s1,$2,...5x} is
an open in-packing in G. Denote D; = DN (N, (s;) x V(H)), 1 <1 < k.
Each vertex in the row Hj, is dominated by a vertex of D;. Let p; be a
projection of the set D; to V(H) defined by p;(u,v) = v for all (u,v) € D;.
The set p;(D;) is a total dominating set in H, so that |D;| > v (H). As
sets D; are disjoint, |D| > >".|D;| > pf (G)v(H). O

Observe that Theorems 1 and 2 are best possible for digraphs G with
0T (G) > 1 and %(G) = pf(G). Simplest examples of such digraphs are
directed cycles.

Let A7 (G) be the maximum out-degree in G. Modifying the proof of
Theorem 2 slightly we are able to prove the following statement.
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Theorem 3. For any two digraphs G and H with 5t (G) > 1 and 6T (H) >
1, we have (G x H) > [V(G)|v(H)/(A™(G)).

Proof. Suppose that V(G) = {vi,v2,...,v,}, and denote D; = DN
(N (v;)) x V(H)), 1 <i<n, where D is a total dominating set of G x H.
Define p; analogously as in the proof of Theorem 2. Then p;(D;) is a total
dominating set in H, so that |D;| > v(H). Now summing for all vertices
of V(G) we get

Y. Dl 2 V(@) n(G).

v, €V(G)

Since every vertex of D is counted in the sum exactly deg™(v) times, we
get D > [V(G) |y (H)/(A7(G)). O

Analogously as Theorems 1 and 2, Theorem 3 is best possible for directed
cycles.

A digraph is d-regular if the in-degree and out-degree of every vertex is d.
Obviously, a d-regular digraph has p} (G) < |V(G)|/d. Hence, Theorem 3
is better than Theorem 2 for d-regular digraphs G such that d t |V (G)|.
On the other hand, denote by W, a digraph obtained from a wheel on
n + 1 vertices in which we direct all the spokes into the center and in
which the “non-spoke” arcs form a directed cycle. Then p} (W,,) = n while
A~ (W,,) =2, so that |[V(W,,)|/A~(W,,) = 2. Thus, if we choose W,, for
G, then Theorem 2 is better than Theorem 3.

Now we find upper and lower bounds for v(G'x H ). Since U,cy ()N~ (v)
2 Upev(e){v} = V(G), each digraph has a dominating set. Thus, (G x H)
is defined for all pairs of digraphs G and H. Let G be a digraph and let
Vo(G) be the set of all sources in G. Obviously, every dominating set D
of G contains Vy(G), since each vertex v € V((G) is not dominated by any
vertex of G. In what follows, we shall consider two cases, namely Vy(G) = ()

and Vy(G) # 0.

Theorem 4. For any two digraphs G and H with §*(G) > 1 and 6T (H) >
1, we have v(G x H) < 3v(G)v(H).

Proof. Let Dy and Dy be minimum dominating sets in G and H, respec-
tively. We construct sets D] and D5, such that D C V(G) and DJ C
V(H). For each vertex v € D; we add to D} one vertex from N’ (v). Then
|Df| < |Dy| and all vertices from D; are dominated by D . Let DJ be
defined analogously. We show that D = (D; x Do) U(D7 x Dy)U(D; x DY)
is a dominating set in G x H. Let (u,v) € V(G x H). There are 4 cases to
consider:

1. w € Dy and v € Dy. Then (u,v) € D.
2. w€ Dy and v € V(H) — Dy. Then (u,v) is dominated by a vertex
of DI x Ds.
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3. u € V(G) — Dy and v € Dy. Then (u,v) is dominated by a vertex
of D1 X D;—
4. u € V(G) — Dy and v € V(H) — Dy. Then (u,v) is dominated by
a vertex of Dy x Ds.
Since |D| < |Dy x Dy|+|Df x Do|+|Dy x DF | < 37y(G)y(H), the result
follows. U

Let Sk be a digraph consisting of a directed cycle (vg,v1,...v2,—1) in
which at every vertex of even index vs; there are attached at least 2 pending
arcs vg;Ug; 1 and vojug 0, 0 < 4 < k. Le., the in-degree of uy; ; is 1 and
its out-degree is 0 for j = 1,2. The unique minimum dominating set in
Sk is {vo,ve,...,vak—2}, so that y(Sg) = k. Now denote by S| a copy
of S; with vertices v; and u; ;, and consider a minimum dominating set
D in Sj x S]. Since both (u21,1,?1§) and ('U/Qi’Q,'U}) have in-degree 1 and
out-degree 0 and both of them are dominated by (vgz,v; 1), the vertex
(v2i,v5_1) must be in D. Hence, D1 = {(v2i,v;_1); 0<i <k, 0<j <2}
is a subset of D. (The arithmetics at indices of v is considered in Zg,
while the arithmetics at indices of v’ is considered in Zs;.) Analogously,
Dy = {(v;— 1,1)2) 0 <i<2k, 0<j<l}isasubset of D. As D; UDy =
{(vai, v3;), ('UQZ,'UQJ_l) (v2i-1,v5;);0 < i <k, 0 <j <}, theset D;1UDs is
a dominating set in Sy, x.S], by the proof of Theorem 4. Hence, D = D{UDs.
Since |D| = 3kl, we have (S x S]) = 37(Sk)v(S]). Hence, Theorem 4 is
tight in this case.

Now consider digraphs with sources. If u € V;(G), then for every v €
V(H) the vertex (u,v) is included in any dominating set of G x H. Similarly
if v € Vp(H), then for every u € V(G) the vertex (u,v) is included in
any dominating set of G x H. Denote by go and hg the cardinality of
Vo(G) and Vp(H), respectively. Then the number of sources in G x H is
holV(G)] + 9ol V(H)| — goho-

Theorem 5. Let G and H be digraphs, go = |Vo(G)| and hy = |Vo(H)|.
Then ~(G x H) < holV(G)| + 90|V (H)| — goho + 3(7(G) — go) (v(H) — ho).

Proof. Let Dy and Dy be minimum dominating sets in G and H, respec-
tively. We construct a dominating set D in G x H in the following way.
Let D = D,U D,, where

Dy =(V(G) x Vo(H)) U (Vo(G) x V(H))
Do =((D1 = Vo(G)) x (D2 — Vo(H)))
V(D1 = Vo(@)T x (D2 = Vo(H)))
(D1 = Vo(G)) x (D2 = Vo(H))T).
The sets (D — Vo(G)) ™ and (Dy — Vo(H))™ are defined in the same way as

in the proof of Theorem 4. The sources of G x H are exactly the vertices
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of Dy. Now analogously as in the proof of Theorem 4 one can show that
all other vertices of G x H are included in or dominated by D,, and the
result follows. [J

Denote by K, a complete digraph on n vertices. Then wv € E(K,)
for every u,v € V(K,), u # v. Although this digraph is symmetric, we
determine the domination number of K,,«, = K,, X K,,, where m,n > 3.
Suppose that there is a dominating set D = {(u1,v1), (u2,v2)} in Kyxn.
Since n > 3, there is a vertex v in K, such that v ¢ {vy,vs}. Therefore,
if u; = uy then D does not dominate (u,v). Consequently u; # ug, and
analogously one can show that v; # vy. But then D does not dominate
(u1,v2), a contradiction. This means that v(K,,xn) > 3. Since v(K,,) =
v(K,) =1, we have v(K,,xn) < 3 by Theorem 4, so that v(K,,xn) = 3.

Denote by Y,, a digraph consisting of complete digraph on n vertices and
two extra vertices a and b. The arc set of Y}, contains all the arcs of complete
digraph K,,, together with arc ab and all arcs ub, where u € V(K,,). Let
Yixn = Yy X Y,, where m,n > 3. Then Y,,«, contains K,,«,, and no
vertex of K,,xn in Y,,x, is dominated by a vertex of Vo(Yxn). Thus,
Y Ymxn) = Vo(Ymxn)| + ¥(Kmxn) as shown before Theorem 5. Since
VY(Kmxn) =3 and y(Ys,) = [Vo(Yin)| + 1 =2 = y(Y,,), Theorem 5 is tight
in this case.

Now we make an observation, similar to that stated before Theorem 2.
Let G be a digraph. Suppose that D is a dominating set in G and S is
an in-packing in G. Then distinct vertices of S are dominated by distinct
vertices of D, so that p*(G) < ~(G).

Theorem 6. For any two digraphs G and H, with 67 (H) > 1, we have
V(G x H) = p™(G)y(H).

Proof. Let S = {s1,82,...,5,} be an in-packing with cardinality p*(G),
and let D be a minimum dominating set in G x H. Denote by H; the
subgraph of G x H generated by vertices NT(s;) x V(H), and denote by
D; the intersection D NV (H;). We distinguish two cases:

(i) deg*(s;) = 0. Then there is no vertex u € V(G) such that us; €
E(G). Thus, all vertices (s;,v) of the row H,, = H; are in D, so
that D; = V(H;). Since 6T (H) > 1, there is a total dominating set
in H. As |V(H)| > v(H), we have |D;| > v(H).

(ii) deg™(s;) > 1. Each vertex (s;,v) of the row H, is either dominated
by a vertex of D, or it is included in D;. In the later case we
replace the vertex (s;,v) in D; by a vertex (s},v’) that dominates
(si,v). Resulting set D! dominates all vertices in the row Hj,, so
that the projection of D} on H is a total dominating set. Thus,
1Di| = D] = (H).
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Since the subgraphs H; are pairwise disjoint and in every case |D;| > v:(H),
the result follows. [J

Denote by Cs,, a directed cycle of even length 2n. Let Cs,, w20, = Copy X
Csy,. Assume that Cyy, = (ug, U1, - - ., Uom—1) and Cay = (vo, V1, -+« , V2r—1).
As deg™(u;) = deg™(vj) = 1, we have deg™((u;,v;)) = 1, where 0 <
i < 2m—1 and 0 < j < 2n—1. Analogously degt((u;,v;)) = 1, so
that Cs,,x2, 18 a collection of vertex-disjoint cycles. Denote by t the
least common multiple of 2m and 2n. The cycle starting at (ug,vg) is
((up,vo), (u1,v1), ..., (Ugm—1,V2n—1)) and its length is ¢. Since both Cs,,
and Csy,, are vertex-transitive, so is Cy,,x2,. Hence, Co,y, 2, is a collection
of (2m - 2n)/t cycles, all of even length t. Thus, Y(Comxon) = 2mn. As
P+(02m> = m and 7t(02n> = 2n, we have V(CQmXQn) = p+(02m)'7t(02n>7
so that Theorem 6 is tight in this case.

For digraphs containing sources we have a straightforward consequence
of Theorem 6.

Theorem 7. For any two digraphs G and H, we have v(G x H) >
pH(G)y(H).

Proof. The proof is similar to the case (ii) of previous one, just the dom-
inating sets D; are not replaced by D}, and consequently, the projected
dominating sets need not to be total. So we have |D;| > ~(H) and the
inequality follows. [

At the moment we are not familiar with digraphs G and H (other than
trivial ones) for which Theorem 7 is tight. We remark that Theorems 5
and 7 have no analogues for graphs.

4. DOMINATION IN (C), x H).

We now consider a special case of cross products, when one of the factors
is a directed cycle.

Theorem 8. If G is a digraph without sources then (G x H) <
V(G)y(H).

Proof. Let D be a minimum dominating set of H. Denote by D* the set
of all vertices (u,v) of G x H, such that u € V(G) and v € D. We show
that D* is a dominating set of G x H.

Let (z,y) € V(G x H). If y € D then (z,y) € D*. Therefore suppose
that y ¢ D. Then there is v € D such that v dominates y in H. Further,
since G contains no sources there is u € V(@) such that u € N (x). But
then (u,v) € D* and (u,v) dominates (z,y). O

Since for directed cycles C), it holds v(C,) = |V (C,)|, by Theorem 8
we have
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Corollary 9. Let C,, be a directed cycle with n vertices and let H be an
arbitrary digraph. Then v(C, X H) < v(Cp)v(H) = nvy(H).

From Theorem 6 and Corollary 9 it follows that if p*(H) = ~(H)
then v(C,, x H) = ny(H). Examples of digraphs with this property are
for instance digraphs with efficient dominating sets. These digraphs can
be found for example in [7],[8] and [10]. Another class of digraphs with
pt(H) =~(H) is formed by directed rooted trees.

Lemma 10. For a directed rooted tree R we have p™(R) = v(R).

Proof. As p™(H) < ~(H) for any digraph, it is enough to construct an
in-packing of R with «(R) vertices. Let D be a minimum dominating set
of R. It is clear that for the root r» we have r € D, since r is a source. Now
we modify D as follows. Take a vertex v € D, v # r, such that v has no
children in V' — D. Denote by v’ the parent of v. Then (D — {v}) U {v'} is
again a dominating set, so replace D by (D — {v}) U {v'}. Proceed in this
procedure until every vertex v € D, v # r, has a child in V' — D. (Observe
that this procedure is finite as in every step we decrease ), _, dist(r,v).)
Denote by D’ the resulting minimum dominating set in R. Now for every
vertex v € D', v # r, denote by wu, one child of v, such that w, ¢ D’.
Define P = {r} U{uy; v € D' — {r}}. Then N*(r) = {r} and for every
other vertex u, € P, the set Nt (u,) consists of u, and its parent v, where
u, ¢ D" and v € D'. Hence, P is an in-packing and |P| = |D’| = |D|. O

As a direct consequence we have

Theorem 11. Let R be a directed rooted tree and let C,, be a directed cycle
of length n. Then v(R x Cp) = ny(R).
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