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Abstract

An arc of a graph is an oriented edge and a 3-arc is a 4-tuple (v,u,x,y) of vertices such
that both (v,u,z) and (u,z,y) are paths of length two. The 3-arc graph of a graph G is
defined to have vertices the arcs of G such that two arcs wv,xy are adjacent if and only
if (v,u,x,y) is a 3-arc of G. In this paper we study the independence, domination and
chromatic numbers of 3-arc graphs and obtain sharp lower and upper bounds for them. We
introduce a new notion of arc-coloring of a graph in studying vertex-colorings of 3-arc graphs.
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1 Introduction

The 3-arc graph construction [11] has recently been proved to be useful in the classification or
characterization of several families of arc-transitive graphs [7, 9, 11, 13, 18, 19]. (A graph is
arc-transitive if its automorphism group acts transitively on the set of oriented edges.) Although
introduced initially in the context of graph symmetry, this construction is of interest for general
graphs. It seems useful to investigate graph-theoretic properties of the 3-arc graph of any (not
necessarily arc-transitive) connected graph. In [10] the diameter and connectivity of 3-arc graphs
were studied and connections between 3-arc graphs and line and path graphs were explained.
In the present paper we study the independence, domination and chromatic numbers of 3-arc
graphs.

An arc of a graph G is an ordered pair of adjacent vertices. For adjacent vertices u,v of G,
we use uv to denote the arc from u to v, vu (# wv) the arc from v to u, and {u,v} the edge
between u and v. A 3-arc of G is a 4-tuple (v, u,z,y) of vertices such that both (v,u,z) and
(u,z,y) are paths of G. It is allowed to have v =y in a 3-arc (v,u,z,y).



Definition 1 Let G be a graph. The 3-arc graph of G, denoted by X (G), is defined to have for
vertex set the set of arcs of G. Two vertices corresponding to two arcs uv and zy are adjacent
in X(G) if and only if (v, u,z,y) is a 3-arc of G.

It follows that X (G) is an undirected graph with 2 |E(G)| vertices and } ¢, \1e p(q) (dega(u)—
1)(degq(v) — 1) edges, where degq(w) denotes the degree of w in G.

Let us illustrate the definition above by three simple examples. For the complete graph K3
on 3 vertices, say, u, v and w, X (K3) consists of six vertices and three isolated edges joining uw
to vw, uv to wv and vu to wu, respectively. For the complete bipartite graph K3 with bipar-
tition {{u1,ua}, {vi,v2,v3}}, wrv1 is adjacent only to voug and vsug in X (Ky3), while viug is
adjacent only to uovy and ugvs in X (K3 3). By symmetry X (G) consists of two 6-cycles, namely
(uyv1, voug, U V3, V1 U, UV, V3Ug, uiv1) and (uguy, Voul, UgUs, V1UL, UgVs, U3UL, UgV1). A neces-
sary and sufficient condition for X (G) to be connected was given in [10, Theorem 2|. From this
condition the smallest graph G such that X (G) is connected is the complete graph on four ver-
tices with one edge removed. Denote by v1, v9, v3 and vy the vertices of this graph and assume the
edge {v3,v4} is removed. Then X (G) consists of a 10-cycle (vvs, v4v2, V12, V3V2, V104, VU4, U3V,
VU1, V41, VU3, v103) together with two chords {vivs, vovs} and {vivy, vovs}.

From [10, Theorem 2], X(G) is always connected if G is connected with minimum degree
d(G) > 3. In [10, Theorem 3] it was proved further that, if the connectivity x(G) > 3, then

(X (G)) = (k(G) = 1)?

and this bound is best possible. Regarding the diameter, it was proved in [10, Theorem 4] that,
if G is connected with §(G) > 3, then

diam(G) < diam(X(G)) < diam(G) + 2

and both bounds are attainable.

In this paper we focus on independence, domination and vertex-coloring in 3-arc graphs. In
the next section we give a structural result (Theorem 2) on maximum independent sets of X (G)
when 6(G) > 3. We also prove that the ratio of the independence number of X (G) to that of
G is between d and d + 1 for any connected d-regular graph G with d > 2 (Theorem 5), and
that the independence number of X (G) for any bipartite graph G with 6(G) > 2 is equal to
|E(G)| (Theorem 6). In Section 3, for any graph G with §(G) > 2, we establish sharp lower
and upper bounds for the domination number of X (G) and we characterize the extremal graphs
(Theorem 7). Further, we give an upper bound for the domination number of X (G) in terms of
the 2-domination number of G (Theorem 8). We also give a lower bound (Theorem 10) for the
domination number of X (G) in terms of the order and maximum degree of G and compare it
with a well-known upper bound for domination number when G is regular (Corollary 11).

In Section 4 we study the chromatic number of 3-arc graphs. In doing so we introduce a
new notion of arc-coloring of a graph which is different from the existing arc-coloring models
[3, 8, 14, 16]. In this new notion we color the arcs of a graph G in such a way that two arcs uv
and zy with v # x and y # u, whose tails are joined by an edge in G, use distinct colors. The
minimum number of colors required by such a coloring, x5(G), is exactly the chromatic number
of X(G). We give sharp lower and upper bounds on x4(G) in terms of x(G) (Theorem 15), and
prove that the problem of deciding whether x5(G) < 3 is NP-complete (Theorem 16). We finish
the paper by a few remarks and open problems.

The reader is referred to [17] for notation and terminology undefined in the paper.



2 Independence in 3-arc graphs

An independent set of a graph G is a subset of V(G) in which no two vertices are adjacent. The
independence number of G, a(G), is the cardinality of a largest independent set of G.

If §(G) = 1, then the set of all arcs of G may form an independent set of X (G), as exemplified
by the star K;,. We thus consider graphs G with 6(G) > 2. To facilitate presentation we
introduce the following definition.

Definition 2 A set S of vertices of X (G) is said to be good if there exists a partition of V(G)
into (not necessarily non-empty) subsets Vq, V5, V3 such that

(a) V1 is an independent set of G, and vu € S for any v € V; and u € N(v);

(b) V4 is an independent set of G, any v € V5 has a unique neighbour u in Vj, and moreover

u is the unique neighbour of v such that vu € S; and
(c) vu ¢ S for any v € V3 and u € N(v).

In case of possible confusion we use {V;%,V;*, V5°} in place of {V1,Va,V3} to emphasize depen-
dence of these subsets on S. Observe that a good set S C V(X(G)) is always an independent
set of X(G). A good mazimum independent set is a maximum independent set which is good.

Lemma 1 Let G be a graph with 6(G) > 2. Then X(G) has at least one good mazimum
independent set.

Proof Choose S to be a maximum independent set of X(G) (i.e. |S| = a(X(G))) such that
{veV(G): vue S for all u € N(v)} has maximum cardinality.

We first prove that, for any v € V(G), if there are distinct uy, ug € N(v) such that vuy, vug €
S, then vus € S for any ug € N(v). Suppose otherwise. Then there exists zy € S such that
{vus,zy} € E(X(Q)), so that z € N(v) and y € N(x) — {v}. One of u; and us is not identical
to x. Assume without loss of generality that x # u;. Then {vu;,zy} € E(X(G)) (regardless
of whether x = w9 or not), which is a contradiction. Hence we have proved that, for any
v € V(G), either vu € S for any u € N(v), or vu € S for a unique u € N(v), or vu ¢ S for any
u € N(v). We denote the subsets of such vertices v by V1, Vs, V3 respectively. Then {V7, Vo, V3}
is a partition of V(G).

Suppose that V7 is not an independent set of G. Then there are vy,vo € V; such that
{vi,v2} € E(G). Since 6(G) > 2, there exist x € N(v;) — {v2} and y € N(v2) — {v1} such
that {vi,z}, {ve,y} € E(G) and hence vz, vy € S by the definition of V;. Hence {viz, vy} €
E(X(G)), which is a contradiction. Thus V; must be an independent set of G.

It remains to verify the first two statements in (b). Suppose v € V5 and let u be the unique
neighbour of v such that vu € S. Since vu € S, for each z € N(v) —{u} and any y € N(x)—{v},
we have zy ¢ S. Thus, there exists z € N(u) — {v} such that uz € S, for otherwise vz can
be added to S to form a larger independent set, which violates the maximality of 5. We now
show that u € V. Suppose that uz is the unique arc starting at v and belonging to S. Set
S = (S —{uz})U{vz : x € N(v)}. Then S’ is an independent set of X(G) and |S'| > |S].
If deg(v) > 2, then |S’| > |S|, which contradicts the maximality of S. Hence deg(v) = 2 and
|S’] = |S|. However, {w : wy € S’ for every y € N(w)}| > [{w : wy € S for every y € N(w)}|,
which contradicts the choice of S. Thus there are at least two arcs starting from « which belong



to S and so u € V7. So we have proved that the unique neighbour u of v such that vu € S must
be in V;. If there exists x € N(v) — {u} such that x € V}, then there exists y € N(z) — {v} as
d(G) > 2. Since x € Vi, we have zy € S and {zy,vu} € E(X(G)), a contradiction. Therefore,
u is the unique neighbour of v in V7.

Finally, for distinct vy, ve € Vo, there is a unique u; € N(v;), ¢ = 1,2, such that v;u; € S.
Moreover, ui,us € Vi from the proof above. Thus, v; and vs cannot be adjacent in G, for
otherwise {viuy,vous} € E(X(G)), a contradiction. Hence V5 is an independent set of G. O

In the proof above the maximality of [{v € V(G) : vu € S for all u € N(v)}| was used only
when G contains a degree-two vertex. Thus, in the case when §(G) > 3, the proof of Lemma 1

gives the following result.

Theorem 2 Let G be a graph with §(G) > 3. Then all maximum independent sets of X(G) are
good.

The following lemma strengthens Lemma 1 and it will be used in subsequent discussion.

Lemma 3 Let G be a graph with §(G) > 2. Then there exists a good maximum independent set
S of X(G) such that V;° is a maximal independent set of G.

Proof We start with a good maximum independent set S of X(G) (whose existence is guar-
anteed by Lemma 1). Suppose that Vls is not a maximal independent set of G. Then there
exists w € V(G) such that V;° U {w} is an independent set of G. Since no neighbour of
w is in V;°, we have w € V3¥. Moreover, all the neighbours of w are in V3 U V3¥. Denote
T=(S—{ur:ue Nw),r € Nu}) U{wu:ue N(w)}. Since §(G) > 2 and S is good, using
(a)-(c) in Definition 2 one can see that 7' is an independent set of X (G) such that |T| > |5],
and the equality occurs if and only if N(w)NV3¥ = (). Since S is a maximum independent set of
X(@G), we have |T| = |S| and hence N(w) NV = ), which implies N(w) C V;°. One can prove
that T is a good maximum independent set of X(G) with VI = V¥ U {w}, VJ¥ = V5’ — N(w)
and Vi’ = (Vi — {w}) UN (w). If V' is a maximal independent set of G, we are done; otherwise
we repeat this procedure. Since G is finite, eventually we obtain a good maximum independent
set R of X(G) such that Vi is maximal. O

The word ‘maximal’ in Lemma 3 cannot be replaced by ‘maximum’ in general. For example,
let G = K35+ Cy (t > 4) be the join of three isolated vertices K3 and the cycle Cy; of length 2t.
Take S to be a good set of X (G) such that V;° consists of the three vertices of K3. Then V;> = §),
|S| = 6t and S is an independent set of X(G). However, V;® is not a maximum independent
set of G since a(G) = t. On the other hand, consider a good set T of X (G) such that Vil is a
maximum independent set of G. In such a case V;! consists of every second vertex of Co; and
V4l is empty, which gives |T'| = 5t. Since |S| > |T|, there is not a good maximum independent
set @ in X(G) such that VlQ is a maximum independent set in G.

Since every good set is independent, the following formula is an immediate consequence of
Lemma 3, where W plays the role of Vi* and o(Gw) = |V5|.

Theorem 4 Let G be a graph with §(G) > 2. Then

0(X(G)) = max {a<aw> Y degc;(v)},

veW



where the maximum is taken over all maximal independent sets W of G, and Gy is the subgraph
of G induced by those vertices which have exactly one neighbour in W.

Theorem 4 can be used to find (X (G)) for some graphs G with 6(G) > 2. Consider a cycle
of length n, C,, and let W be a maximal independent set of C),,. Then the graph induced by
V(C,) — W consists of isolated vertices and edges. Therefore, if |W| = k, then Gy consists
of n — 2k isolated edges. Consequently, a(Gw) = n — 2k and a(X(C))) = (n—2k) + 2k = n.
Another maximum independent set of X(C,) can be obtained by choosing all arcs of C), in
accordance with a fixed orientation of C,. One can check that this maximum independent set
is not good. This demonstrates that if §(G) = 2 then not every maximum independent set of
X(G) is good. In other words, the condition §(G) > 3 in Theorem 2 cannot be removed.

Next consider the wheel G = W, on n+1 vertices. Let W be a maximal independent set of G.
If W consists of the central vertex, then o(Gw) = | %] and so a(Gw) + >, ey degg(v) = [22].
If the central vertex of G is not in W, then & = |[W| < |§] and a(Gw) = n — 2k. Hence
a(Gw) + X ew degg(v) = (n — 2k) + 3k < |22]. Therefore, a(X(W,,)) = |22] by Theorem 4.

Theorem 4 implies the following bounds for regular graphs.

Theorem 5 Let G be a connected d-regular graph with d > 2. Then

a(X(G))

)

< d+1. (1)

Moreover, both bounds are attainable.

Proof Choose a maximum independent set W of G. Then a(X(G)) > >, oy degg(v) = d a(G)
by Theorem 4. On the other hand, by Theorem 4 there exists a maximal independent set W*
of G such that a(X(G)) = a(Gw+) + > e+ degg(v). Since a(Gw+) < aG), |W*| < a(G) and
G is d-regular, it follows that o(X(G)) < (d + 1)a(G).

Denote by vy, va,. .., v, the vertices of a complete graph K,,. Then S = {vjve,v1v3, ..., v10,,
vou1 } is a good independent set of size n in X (K,), so that a(X(K,)) > n. Since K,, is (n—1)-
regular and a(K,) = 1, we have (X (K,)) < n by (1). Thus a(X(K,)) = n, which achieves
the upper bound in (1).

The lower bound in (1) is achieved by the complete bipartite graph K, ,, because a(X (K, ,,)) =
|E(Kyn)|l =n?=n a(K,) by Theorem 6 below. O

In the proof of Theorem 5, we demonstrated that the upper bound is achieved by complete
graphs, which satisfy a(K,) = 1. However, this bound is achieved also by graphs G for which
a(G) > 1. Let Gy = KOC} be the Cartesian product of K9 and C;. That is, Gy consists
of t vertex-disjoint copies of Ko, with vertices {vé,v’i, ...,vs, 1} in the ith copy, 0 < i < t—1,
together with 2t edges {v},vé“}, 0 <j<2t—1, 0 <¢ < t—1, where superscripts are taken
modulo ¢. Obviously, Gy is a (2t + 1)-regular graph. Since any independent set of G; contains
at most one vertex from each copy of Ko and Vj = {1)8 LUl ,vzii} is an independent set of
Gy, we have a(Gy) = t. Now we take S to be the set of arcs of Gy starting from V; and those
from {v), v} ,...,v5 "} to Vi. Then S is a good independent set of X (G) with cardinality
|S| = t(2t4+1) + t = (2t+2)t, which is the upper bound in (1).

Using Lemma 3 we are able to determine a(X(G)) when G is a bipartite graph.



Theorem 6 Let G be a bipartite graph with 6(G) > 2. Then
a(X(@)) = [E(G)|.

Proof Let {U, W} be the bipartition of G. Then S = {uv : w € U and v € N(u)} is a good
independent set of X (G) with size |E(G)|. It remains to prove that a maximum independent
set of X (@) has cardinality at most |E(G)|.

Let S be a good maximum independent set of X(G) guaranteed by Lemma 3, and let
(Vo Vo, V}SS} be the corresponding partition of V(G). Denote U; = U N Vis and W; = WNVJ9,
i =1,2,3. Since V{° is an independent set of G, there is no edge of G with one end-vertex in
Uy and the other end-vertex in Wj. Similarly, since VQS is an independent set, there is no edge
between Us and Ws. By the definition of {VIS , VQS , V35 }, each vertex in Uy is adjacent to a unique
vertex in W7, and each vertex in W5 is adjacent to a unique vertex in U;. Thus, since 6(G) > 2,
each vertex in Us (Ws, respectively) is adjacent to at least one vertex in W3 (Us, respectively).
Hence |(Uz, W3)| > [(Ua, W1)| and |(Us, Wa)| > |(U1, Wa)|, where (X,Y") is the set of edges of G
between X C U and Y C W. Therefore, |S| = (U, W)| + [(U, W1)| + |(Uz, W1)| + |(Ur, W3)| <
[(Ur, W) + [(U, W1)] + |(Uz, W3)| + |(Us, Wa)| < [E(G)]. O

The conclusion in Theorem 6 may not be true when 6(G) = 1 as exemplified by a(X (K ,)) =
2n. On the other hand, if G is a bipartite graph with §(G) > 3, then from the proof of Theorem
6, for any good maximum independent set S of X (G) we have V3* = () and V}SS is an independent
set of G. Therefore, if in addition G is connected, then the bipartition of G must be {U;, W3}
or {Us, W1}

3 Domination in 3-arc graphs

A dominating set of a graph G is a subset S of V(G) such that V(G) — S C UuesN(u), where
N (u) is the neighbourhood of u in G. The domination number of G, v(G), is the minimum
cardinality of a dominating set of G.

Theorem 7 Let G be a connected graph of order n > 4 and §(G) > 2. Then

3<(X(G)) <n (2)

and both bounds are sharp. Moreover, v(X(G)) = n if and only if G is an n-cycle, and
Y(X(G)) = 3 if and only if G contains a 3-cycle C3 such that |[N(u) NV (C3)| > 2 for ev-
ery u € V(G). Furthermore, for each integer k with 3 < k < n, there exists a graph G with
d(G) > 2 and order n such that v(X(G)) = k.

Proof Since uv does not dominate vu, X(G) does not have any dominating set of cardinality
one. Suppose that there exists a dominating set S of X(G) with |S| = 2, say, S = {uv,wz}.
Then u # w for otherwise S does not dominate vu. Further, {u,w} € E(G) since otherwise S
does not dominate uy for y € N(u)—{v}. If v # w then S does not dominate uwj if z # u then S
does not dominate wu; and if v = w and z = u then S does not dominate uy for y € N(u)—{v}.
Hence v(X(G)) > 3.

Now we prove v(X(G)) < n. Since 6(G) > 2, G contains at least one cycle. Let C =
(v1,v2,...,vp,,v1) be a shortest induced cycle in G, where h > 3. Expand the path vy, va,... v,



to a spanning tree T of G. Let U denote the unicyclic graph obtained by adding the edge
{vp,v1} to T. Let S = {v1va,vou3, ..., vp_10p, Va1 }, and let Sy consist of all arcs xy such that
{z,y} € E(U) — E(C) and z is further than y from C in U (that is, dy(z,v;) > dy(y,v;) for
one and hence all ¢ with 1 <4 < h). Denote S = S; U S2. Then |S| = n since U is unicyclic.
Moreover, by the definition of S and Ss, the n arcs of S start at n different vertices of G. For
each u € V(QG), let @ denote the neighbour of w such that uu € S. For any arc zy of X(G), if
y = &, then xy = zz € S; if y # T, then zy is dominated by zZ, where z = Z (note that z # x
by the chioce of §). Hence S is a dominating set of X (G) and v(X(G)) < n.

If G is a cycle, then since S; above is a dominating set of X (G), we have v(X(G))

| /\

However, each vertex of X (G) dominates at most one vertex of S1, so that v(X(G)) > |S1]| =
Thus v(X(G)) = n in this case.

Suppose that G is not a cycle, so that V(U) — V(C) # 0. Let w € V(U) — V(C) such that
w has degree one in U. Let S’ =S — {ww}. For any arc zy of G, we have T # w for otherwise
both z and @w are neighbours of w in U. Thus, if zy € S, then zy is dominated by zz € 5,
where z = Z. Since §(G) > 2, there exists a neighbour u of w in G other than w. Then ww is
dominated by uu. Therefore, S’ is a dominating set of X (G), which implies v(X(G)) < |5'| < n.

Next we characterize graphs attaining the lower bound.

Suppose first that G contains a 3-cycle C5 = (u1, ug2, u3, ;) such that |[N(u) NV (C3)| > 2 for
each u € V(G). Let S = {ujug, ugus, ugu;}. Consider any arc zy of G not in S. If x € V(Cs),
say, * = uy, then ugus dominates zy. If = ¢ V(Cs), without loss of generality we may assume
ui,ug € N(x). If y # ug, then xy is dominated by wjug; if y = wj, then zy is dominated by
ugug. Hence S is a dominating set of X (G) and (X (G)) = 3.

Suppose now that v(X(G)) = 3. Let S = {ujv1,ugva,usvs} be a dominating set of X (G).
We first show that | N (x)N{uy, uz,us}| > 2 for any x € V(G)—{u1,ua,us}. Since §(G) > 2, there
is a neighbour y of z. Since S dominates zy, we have |N(z) N {u1,ug,us}| > 1. Without loss of
generality we may assume that u; € N(x). Since S dominates zu, we have either {us, z} € E(G)
or {us,z} € E(G). Hence |N(z)N{uy,us,us}| > 2. Consequently, |{u1,us,us}| > 2. It remains
to show that uy, us and ug form a 3-cycle in G.

We first prove that wi,us and us are pairwise distinct. Suppose to the contrary that two
of them are the same, say, u; = ue. Then ug # w1 and there exists a neighbour z3 of ug such
that z3 # v3. Since ugzs is not dominated by wugvs, it must be dominated by wiv; or usve and
hence {u1,usz} € E(G). We must have ujusz € S for otherwise it is not dominated by any arc
in S. Thus, ujug must be identical to one of uiv1 and uove. Without loss of generality we may
assume uju3 = uqv1, so that ug = v1. We must have ugu; € S for otherwise none of the arcs in
S dominates usu; € S, a contradiction. Hence usu; = usgvs and therefore v3 = uy. Since n > 4,
there exists a vertex z € V(G) — {u1, us,v2}. Since u; = ug and |N(z) N {ui,u2,us}| > 2 by the
previous paragraph, x is adjacent to both u; and us. However, ujx is not dominated by any arc
in S, which is a contradiction. So we have proved that ui,us and ug are pairwise distinct.

We now prove that uj,us and us are pairwise adjacent. Suppose otherwise, say, {u1,us} ¢
E(G). Since 6(G) > 2, there is a neighbour z; of uj such that z; # v;. Since {u1,u2} ¢ E(G),
neither ujv; nor ugvy dominates ujz;. Hence ugz; is dominated by ugvs and so {uy,us} € E(G).
Similarly, there exists a neighbour z, of us such that zy # v9. An analogous argument shows
that {us,us} € E(G). Note that neither usve nor ugvs dominates ujug. Thus, if ujus # ujvy,
then none of the arcs in S dominates ujus, which is a contradiction. Hence uiv1 = ujus and so
v1 = ug. Similarly, v9 = u3z. Now if v3 # uq then S does not dominate uguy, while if v # wuq



then S does not dominate uzus. Hence S is not a dominating set of X (G). This contradiction
shows that uq,us and us form a 3-cycle in G.

Example 1 below shows that every integer between 3 and n can be taken by v(X(G)) for
some graph G with 6(G) > 2 and order n. O

Example 1 For any integers £ and n with 3 < k < n, there exists a graph with order
n and 6(G) > 2 such that v(X(G)) = k. In fact, let Gy be the graph with vertex set
{ur,ug, ..., up—} U {vo,v1,...,v5-1} and edge set {{u;,vo},{us,v1} : 1 < i < n—-k}uU
{{vo,v1}, {vi,v2}, ... {vk—2, ve—1}, {ve—1,v0}}. (Note that G, ,, is exactly the n-cycle.) Let
S = {vovi,v1v2, ..., Vp—2Uk_1,V5—1v0}. Observe that any arc of Gy, j, can dominate at most one
arc of S. Hence v(X(G)) > |S| = k. On the other hand, it is easy to see that S dominates
X (G). Therefore, v(X(G)) = k.

A k-dominating set [5] of a graph H is a subset S of V(H) such that |V (u)NS| > k for every
u € V(H)—S. The k-domination number of H, denoted by ~x(H), is the minimum cardinality
of a k-dominating set of H. Note that v1(H) = v(H). Our next result gives an upper bound for

v(X(G)) in terms of y2(G). At the time of writing we are unable to give a sharp upper bound
for (X (G)) in terms of v(G).

Algorithm 1
Input: A graph G with 6(G) > 2 and a minimum 2-dominating set T of G.
Output: A set S of arcs of G.

Set S:=0,i:=0,U :=0. {Comment: U CV(G) andi = |U|}
While T — N(U) # 0 do

ti=14+1;
choose u; € V(G) — (T'UU) with N(u;) N (T — N(U)) # 0;
let N(u;) N (T — N(U)) ={v1,v2,...,0};
if £ > 2, then
if N(u;) N (V(G) —T) # 0, then
let S1 = {viu;, vauy, . . ., VR, UW;, WiT; },
where w; € N(u;)) N (V(G) —T) and z; € N(w;) — {u;};
set §:=S5USq;
else if N(u;) "N(U)NT # 0, then
let So = {viug, vouy, . . ., Vpu;, u;wW; b,
where w; € N(u;) N N(U)NT;
set S :=S5USy;
else
let S5 = {v1ug, ujv1, Vo, UiV, . . ., Uk, UiV };
set §:=S5US;3;
end;
if k=1, then
let Sy = {viu;, uyw;}, where w; € N(u;) "N({U)NT;
set S :=5USy;



end;
U.=UuU {uz},

end.
Theorem 8 Let G be a graph with §(G) > 2. Then
1(X(G)) < 272(G) (3)
and this bound s sharp.

Proof Let T be a minimum 2-dominating set of G. We apply Algorithm 1 to obtain a set S of
arcs of G.

In the ith iteration of the While loop in Algorithm 1, we have U = {uy,ug,...,u;—1}. We
choose u; € V(G) — (T UU) so that N(u;) N (T — N(U)) # 0. In other words, u; has a neighbour
in 7" which is not a neighbour of any w;, j < 4. Since T' is a minimum 2-dominating set of G,
every vertex v € T has at least one neighbour not in 7. Therefore, after several iterations we
have T'— N(U) = () and the algorithm terminates.

In the ith iteration of the While loop in Algorithm 1, we have either |N (u;)N(T—N(U))| > 2,
for which we obtain one of S;, S2 and Ss, or |[N(u;) N (T — N(U))| = 1, for which we get Sy. In
the last case, since T' is a 2-dominating set of G, there must exist a neighbour w; of u; such that
w; € TNN(U). In all cases we add to S at most 2k arcs, where k is the number of neighbours of
u; in T'— N(U). Hence |S| < 2|T|. We now prove that S dominates X (G) and hence complete
the proof of (3).

Let xzy be an arbitrary arc of G not in .S. We distinguish three cases.

Case 1. x € T. Denote by u; the first vertex in U such that x € N(u;). If y = u;, then
xzy € S. If y # wu;, then w;w; dominates xy in cases Sy, So and Sy, while in case Ss either u;v;
or u;vo dominates xy.

Case 2. ¢ € U. In this case x = u; for some i. Then w;z; dominates zy in case S;. Observe
that w; € TN N(U) in cases Sy and Sy. Hence there exists u; such that j < i and w;u; € S.
Since zy # w;w;, the arc w;u; dominates xy in cases Sy and S;. Since zy ¢ S, case S3 is
impossible.

Case 3. © ¢ TUU. Since T is 2-dominating set in G, there are at least two neighbours of
z in T. Let v be a neighbour of z in T such that v # y, and let u; be the first vertex of U such
that v € N(u;). Then vu; dominates xy.

So far we have completed the proof of (3). Observe that v(X(Cy,)) = 272(Cy,) if n is even.
Hence the bound in (3) is sharp. O

Corollary 9 Let G be a bipartite graph with bipartition {U,W} and 6(G) > 2. Then
Y(X(G)) < 2min{|U], W]}
and this bound is sharp.

Proof Since 6(G) > 2, each part of the bipartition of G is a 2-dominating set. By Theorem 8
we have 7(X(G)) < 2v(G) < 2min{|U|,|W|}. Similar to Theorem 8, the equality is attained
by even cycles. O



In the next theorem we give a lower bound for v(X(G)) and compare it with an upper bound
derived from the following known result ([1, 2, 15]) for any graph H of order n and minimum

degree 0:
n

V(H) < m(ln(& +1)+ 1). (4)

Theorem 10 Let G be a graph with n vertices, m edges, mazimum degree A and minimum
degree 6 > 2. Then

Pxn-‘ < ~A(X(Q)) < 52_22% <ln(62 —254+2)+ 1>. (5)

Moreover, the lower bound is sharp.

Proof X(G) has 2m vertices and minimum degree §(X(G)) > (6 — 1)2. Applying (4) to X (G)
and noting that MTH is a decreasing function for x > 1, we obtain the upper bound in (5)
immediately.

To prove the lower bound in (5), we partition the arcs of G into n disjoint parts 4,, u € V(G),
where A, = {uv : v € N(u)}. Let S be a dominating set of X(G) with minimum cardinality.
Every arc in S dominates arcs in at most A different parts A,. On the other hand, it requires
at least two different arcs in S to dominate all arcs in a single A,. Counting the number of
ordered pairs (a, A,), where a is an arc in S dominating some arcs in A,, we obtain A[S| > 2n.
Hence v(X(G)) = |S| > 2. That the lower bound is sharp is demonstrated by cycles C,,. O

Theorem 10 can be used to find y(X(G)) for some graphs G with §(G) > 2.

Example 2 Let Py be the prism on 2k vertices with V(P) = {ug, u1, ..., Uk—_1,V0, V1, -+, Vk_1}
and E(Py) = {{wi, wit1}, {vi,vig1}, {wi,vi} : 0 < i < k—1}, where the addition in subscripts is
modulo k. Let ¢t = L%J

If ¥ = 0 mod 3, then £ = 3t and (X (Px)) > 4t by Theorem 10. On the other hand,
S = {uitliq1, Uir10i41, Vit10i, viu; 2 1 = 0,3,...,3(t—1)} is a dominating set of X (FP;) with
cardinality 4¢. Hence v(X (Py)) = 4t.

If k =1 mod 3, then k = 3t + 1 and (X (P;)) > 4t + 3 by Theorem 10. One can check that
S = {uiqu, Uit 1Vig1, Vit1Vi, Vs 20 = 4,7, ... ,3(t—1) + 1} U {uoul, U9, UsV2, V2V1, V10, Uouo}
is a dominating set of X (Py) with cardinality 4t 4+ 2. Hence v(X(Py)) = 4t + 2.

In the two cases above the lower bound in (5) is attained.

In the case where £ = 2 mod 3, by Theorem 10 and an analogous argument we obtain
[28] =4t + 3 < (X (P)) < 4t + 4, where the lower bound is attained when, say, ¢t = 1.

n

For a d-regular graph G with d > 3, the upper bound in (5) is strictly less than %5 (In(d* —
2d 4+ 2) + 1). Thus, by Theorem 10 and Example 2, we have the following corollary.

Corollary 11 Let G be a d-reqular graph of order n, where d > 3. Then

2
T < y(X(@) < 2 In(d® —2d+2) +1
d d—2

and the lower bound is sharp.

For sufficiently large d, this upper bound is better than the one in Theorem 7.

10



4 Coloring 3-arc graphs

We observe that a proper vertex-coloring of X (G) is exactly a coloring of arcs of G, such that
any two arcs uv and zy with v # z and y # u, whose tails v and x are joined by an edge in
G, receive different colors. (A vertex-coloring of a graph or directed graph is called proper if
adjacent vertices receive different colors.) The latter, called a 3-arc coloring of G, is a new notion
of arc-coloring for graphs that is different from the existing arc-coloring models [3, 8, 14, 16].
Define x4(G) to be the minimum number of colors needed by a 3-arc coloring of G and call it the
3-arc chromatic index of G. Equivalently, x4(G) is defined as the chromatic number of X (G).

The notion of 3-arc coloring can be extended to directed graphs in an obvious way by
requiring that any two arcs uwv and xy with v # = and y # u, whose tails are joined by an arc (in
either direction), receive distinct colors. So we can speak of the 3-arc chromatic index x45(D) of
a directed graph D, though we will mainly discuss the undirected case. Of course x4(G) is equal
to the 3-arc chromatic index of the directed graph obtained from G by replacing each edge by
two arcs of opposite directions.

A tournament is a digraph T, such that for every u,v € V(T), u # v, we have either
wv € E(T) or vu € E(T). The tournament is transitive if uwv,vw € E(T') implies vw € E(T) for
every triple u,v,w € V(T'). A Halin graph is a planar graph H = T'U C whose edge set can be
partitioned into a tree T with no vertex of degree two and a cycle C' whose vertices are exactly
the degree-one vertices of T

Theorem 12 The following hold:
(a) If T, is a transitive tournament on n vertices, then x5(T,) =n —1;
(b) Xy(EKn) =~ 1;
(c) for a connected graph G, x5(G) =1 if and only if G is a star;

(d) for a connected graph G, x5(G) = 2 if and only if G is not a star and the subgraph of G
induced by the vertices of degree at least three is bipartite;

(e) if H is a Halin graph, then x5(H) = 2 if H is bipartite and x4(H) = 3 otherwise.

Proof (a) Since T, is acyclic, each vertex v; of T;, can be assigned an integer n; such that
n; < n; for each arc v;v; of T;,. Color each arc v;v; of T}, by n;. Since no arc emanates from v,
this is a 3-arc coloring of T, using n — 1 colors. Hence x4(7,,) < n — 1. On the other hand we
have x4(7;,) > n — 1 because v1vy,, U2y, . . . , Up—10y, require pairwise distinct colors in any 3-arc
coloring of Tj,.

(b) Since T}, is an orientation of K, we have x4(K,) > x5(T,) = n — 1. Let V(K,) =
{v1,v2,...,v,}. Color all arcs emanating from v; by 4, and color v,v; by i, fori =1,2,...,n—1.
In this way we get a 3-arc coloring of K,,, so that x5(K,) =n — 1.

(c) x5(G) = 1 if and only if X(G) is a graph without edges. Since X(G) is edgeless if and
only if G has neither 3-cycles nor paths of length 3, x4(G) = 1 if and only if G is a star.

(d) Suppose that G is not a star. Denote by G the subgraph of G induced by all vertices of
degree at least three. Since x4(G) = 2 if and only if X (G) is bipartite, it suffices to prove that
X (G) has an odd cycle if and only if G has an odd cycle.

11



Suppose that Gy has an odd cycle (ug,uq,...,ux_1,ug). Since the degree of u; is at least
three, 0 < i < k, there is a vertex v; in G such that v; # w;—1 and v; # w;41, the subscripts
being modulo k. Then (ugvo, u1v1, ..., uk_10k—1,UoVp) is an odd cycle in X (G).

Now suppose that X (G) contains odd cycles. Let C' = (ugvg, uqv1, ..., up_10x_1, Uovg) be
a shortest odd cycle in X(G). We prove that wug,uq,...,ux—1 € V(Gp). The vertex wu; is
adjacent to u;—1, u;+1 and v;, 0 < ¢ < k, indices being modulo k. Suppose that there is a

subscript j such that wj_1 = wjp1. If uj_o = u; then (ugvg,...,uj—2vVj—2,Uj41Vj41,- - ., UoV0)
is an odd cycle of length k£ — 2 in X(G), which contradicts the choice of C'. Thus, u;_2 # u;
and analogously we get w;i2 # u;. But then (ugv, ..., uj—2vj_2,uj_1uj, uj12vj42,. .., ugtp) is

a cycle of length £ — 2 in X(G), which contradicts the choice of C'. Therefore u;_1 # u;41 for
all i, 0 < i < k. As v; is distinct from both u; 1 and wu;y1, the degree of u; is at least 3 in
G. Therefore (ug,uy,...,ux_1,up) is a closed walk of odd length in Gy, so that Gy has an odd
cycle.

(e) Let H=TUC. Denote C = (vy,vs,...,v,v1) and let f be a proper vertex-coloring of
T using colors 1 and 2. Define f': V(H) — {1,2, 3} such that f/(z) = 3 if = v; for an odd j
and f'(z) = f(x) otherwise. If ¢ is even, then color each arc zy of H by f’(x). One can check
that this is a 3-arc coloring of H. Assume that ¢ is odd. Since H is a Halin graph, there is a
unique neighbour w of v; not on C. Color each arc xy with x # v; by f’(x) and color v;v; by
3. If f'(vi—1) = f'(w) = 1, then color viv;—q1 and vyw by 2; if f'(ve—1) = f'(w) = 2, then color
veve—1 and vyw by 1; and if f/(vi_1) # f'(w), then color viv;_1 by f'(vi—1) and vw by f'(w). Tt
can be verified that this is a 3-arc coloring of H. Hence x4(H) < 3. Since each vertex of H has
degree at least three, by (d), x5(H) = 2 if H is bipartite and x5(H) = 3 otherwise. 0

A major result in this section is Theorem 15 below, which gives sharp lower and upper
bounds on x5(G) in terms of the chromatic number of G. To prove Theorem 15 we first discuss

directed graphs with 3-arc chromatic index one.

Lemma 13 Let D,, be an orientation of a cycle of length n > 3. Then x5(Dy) =1 if and only
if either D,, is a directed cycle, or n is even and any two consecutive arcs of D, have opposite

directions.

Proof The sufficiency is easy to see, so we prove the necessity only.

Hence, suppose that x4(Dy) = 1. Let vg,v1, ..., v,—1 be the vertices of D,, in a cyclic order.
Suppose that there are two consecutive arcs of D,, having the same direction. Without loss of
generality we may assume that vgvy and vjvg are arcs of D,,. Since x5(D,) = 1, v,_1v is an arc
of D,,. Similarly, one can show successively that v, _ov,_1,vn_3Un_o,...,vov3 are arcs of D,,.
Thus, D, is a directed cycle.

Now suppose that no two consecutive arcs of D,, have the same direction. Then n is even

and any two consecutive arcs of D,, have opposite direction. O

A semi-cycle (semi-path, respectively) in a directed graph is a directed subgraph whose
underlying graph is a cycle (path, respectively). A semi-cycle is odd if its length is odd. A

directed graph is weakly connected if its underlying graph is connected.

Lemma 14 Let D be a weakly connected directed graph with x5(D) = 1. Then D contains at

most one odd semi-cycle, and moreover such a semi-cycle must be a directed cycle.
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Proof Since x5(D) = 1, every odd semi-cycle in D should have 3-arc chromatic index equal to
one and hence is a directed cycle by Lemma 13.

Suppose that D contains two distinct odd semi-cycles, say, D1 and Dy. Then Dy and D5 are
directed cycles in D as shown above. If D; and Dy have common vertices, then there exists an
arc uv of Dj such that w is the initial vertex of a directed path u,x,y of length two in Ds. So
any 3-arc coloring of D assigns different colors to uv and zy, which contradicts the assumption
X5(D) = 1. Hence Dy and Dj are vertex-disjoint. Since D is weakly connected, there exists a
semi-path vy, vy, ..., v, in D such that v1 € V(D7) and vy € V(D3). Since D; is a directed cycle
and vy is on D1, the arc between v; and vy must be vov; and the arc between vo and v must be
v3vs. Based on these and the assumption x4(D) = 1, one can show that vjijv5,j =1,...,k—1,
are arcs of D. Since D> is also a directed cycle and v is on Do, any 3-arc coloring of D assigns
different colors to vivi_1 and an arc of Dy. This contradiction proves the result. O

Theorem 15 Let G be a connected graph. Then

e ECERTS )

and moreover both bounds are attainable.

Proof Let G be a connected graph. For a proper vertex-coloring of G using x(G) colors, the
coloring of arcs of GG such that each arc is assigned the color of its tail is a 3-arc coloring of G.
Hence x4(G) < x(G). The equality holds when, for example, G is an even cycle, or the graph
obtained from any complete graph K, by adding a new vertex v for each v € V(K,,) and joining
v and v’ by an edge.

Now we prove the lower bound in (6). By Theorem 12 (c), if x4(G) = 1 then G must be
a star, which implies x(G) = 2 and hence (x(G) + 1)/3 = x4(G). In the following we assume
k= x5(G) > 2.

Denote by D the directed graph obtained from G by replacing every edge by a pair of arcs
of opposite directions. Let f be a 3-arc coloring of G (and hence of D) using colors 1,2,... k.
Denote by D; the directed subgraph of D induced by those arcs of D which are colored by ¢
under f. Then x5(D;) = 1, and so by Lemma 14, each component of D; has at most one odd
semi-cycle. Hence the vertices of D; can be colored properly by three colors. Based on this we
give a proper vertex-coloring of G as follows.

First, we color properly the vertices of D; other than sinks by three colors. (A sink in a
directed graph is a vertex which is not the tail of any arc of the directed graph.) We show that
in this way we obtain a proper partial coloring of G. Assume that two vertices of D1, say u
and x, receive the same color. Then there are v,y € V(D7) such that uv and zy are arcs of D;.
Since x5(D1) = 1, the arcs uv and zy are not adjacent in X (G). Moreover, as u and z are not
adjacent in Di, we have v # x and y # u. Consequently, in G we cannot have the edge {u,z},
so that the described partial coloring of G is proper.

Now we use three new colors to color properly those vertices of Dy, which are not sinks.
However, we color only those non-sink vertices of Do, which did not receive any color in the
previous step. Analogous to the argument above, one can show that in such a way we obtain a
proper partial coloring of GG, in which we color all the vertices of Dy U Dy, which are not sinks
in Dy U Dy. (That is, we color those vertices of D; U Dy at which there starts at least one arc
either in D; or in Ds.)

13



Repeating this process for D3, Dy, ..., Di_1 we obtain a proper partial coloring of G using at
most 3(k—1) colors. Now consider a component of Dy. If this component has no odd semi-cycle,
then its non-sink vertices can be colored properly by two colors. If this component contains a
(unique) odd semi-cycle, then by Lemma 14 this odd semi-cycle is a directed cycle. Hence all
its vertices are already colored and the remaining non-sink vertices can be colored properly by
two colors. In any case, to color properly non-colored non-sink vertices of any component of
Dy, it suffices to use two colors. Thus, non-sink vertices of UleDl- = D can be colored properly
by at most 3k — 1 colors. Since every vertex of D is a non-sink vertex of some D;, we have
X(G) < 3x5(G) — 1 and the lower bound in (6) is established.

Let G, be a graph consisting of n > 1 edge-disjoint triangles with a common vertex u. Then
X(Gpn) = 3 and x45(Gp) > 2. For each triangle of G,,, color the two arcs starting from u by
color 1, and color one of the two arcs entering into u by 1 and the other one by 2. Color the
remaining two arcs in each triangle by 2. One can verify that this is a 3-arc coloring of G. Hence
X5(Gp) = 2 and the lower bound in (6) is attained by G,,. O

It is easily seen that the problem of deciding whether x4(G) < k can be solved in polynomial
time when k = 1 or 2, see Theorem 12. The following result shows that this problem is NP-
complete when k£ = 3 even when restricted to planar graphs.

Theorem 16 The problem of deciding whether x5(G) < 3 for a planar graph G is NP-complete.

Proof Given a planar graph G, we construct a graph G* from G by adding a new vertex
v' for each v € V(@) and joining v and v' by an edge. Obviously G* is planar and G* can
be constructed in polynomial time. We show that x5(G*) < 3 if and only if G is 3-colorable.
Suppose that G* has a 3-arc coloring f using three colors. Color the vertices of G such that
v € V(G) receives color f(vv’). It can be easily seen that this is a proper vertex-coloring of G
by three colors. Thus G is 3-colorable. Conversely, suppose G is 3-colorable and g is a proper
vertex-coloring of G by three colors. For each v € V(G), assign color g(v) to all arcs of G*
with tail v, and assign any of the three colors of g to v'v. It can be verified that this is a 3-arc
coloring of G* and hence x5(G*) < 3. Thus we have proved that x5(G*) < 3 if and only if G is
3-colorable. Since the problem of deciding whether a planar graph is 3-colorable is NP-complete
[6], the problem of deciding whether x5(G) < 3 is NP-complete, too.

5 Problems

It is known that line graphs and 2-path graphs (that is, 3-path graphs as used in [12]) have
forbidden subgraph characterizations; see [17, 7.1] and [12], respectively. In contrast, as far as
we are aware, there is no known characterization of 3-arc graphs.

Problem 1 Characterize 3-arc graphs of connected graphs.
Other interesting problems include the following two.

Problem 2 Let G be a connected graph with 6(G) > 3. Under what conditions is X (G) Hamil-
tonian?

Problem 3 Give a sharp upper bound on v(X(QG)) in terms of v(G) for any connected graph
G with 6(G) > 2.
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There is a wide space for improving results of this paper. For instance, the gap between the
upper and lower bounds in (2) is big (though both bounds are sharp in general) and it may be
improved for some special families of graphs. Also, the lower bound in (6) seems to be far from
optimal for x4(G) > 2.

There is an extensive literature on line graphs with hundreds of publications, and also dozens
of papers on path graphs have been published (e.g. [4, 12]). As these two graph operators are
related [10] to the 3-arc graph operator, we expect that techniques used previously for line

graphs and path graphs may be utilized to derive properties of 3-arc graphs.
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